The Sampling Distribution of the Mean
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Review of Prerequisites:





	1.	A sample is a finite subset of a complete or total set of data values (called the population).





	2.	A Monte Carlo procedure is a technique of simulating a process that contains random elements and repeating the process over and over to see how it behaves.





	3.	The sampling distribution of the mean is the probability distribution for the sample mean.





	4.	The standard error of the mean is the standard deviation of the sampling distribution of the mean.





	5.	Statistical inference is the process of making predictions and decisions about a population based on information contained in a sample with some estimation of how accurate the predictions may be.





	6.	A statistic is a number that describes some aspect of a sample.  A parameter is a number that describes some aspect of a population.





	7.	A point estimate is a number derived from information in a sample that is used to approximate a parameter of a population.











Objectives:





	1.	To examine the meaning and application of the Central Limit Theorem;





	2.	To introduce and apply the concept of point estimation for making inferences;





	3.	To determine bounds for error in using point estimates.








Materials:





	1.	X(Plore)


	2.	Pennies


	3.	Minitab


�
Activity 1:	The Sampling Distribution of the Sample Mean and the Central Limit Theorem





Intuition tells us that we should be able to estimate a population mean �EMBED Equation.2����seq User_Box  \* Arabic  \h�  with a sample mean �EMBED Equation.2����seq User_Box  \* Arabic  \h�.  For example, if we wished to know the mean number of spins of a penny until the first fell heads up, we could try it a few times, and average the number of spins until the first head appeared; but how good would our estimate be?  And, how many times would we have to repeat this experiment to get a reasonably accurate prediction of the true mean number of spins needed to have heads appear?  To answer this question, we first need to explore samples and prediction from sample distributions.





1.	Record in the table below the heights of your group members (use the height of the instructor and others if necessary to obtain five data values).
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	a.	There are 10 different samples of size 2 that may be selected from the above population data.  Record each sample and its corresponding sample mean �EMBED Equation.2����seq User_Box  \* Arabic  \h� in the following table:
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		Find and record the mean of the values of  �EMBED Equation.2����seq User_Box  \* Arabic  \h�  in the preceding table.














	b.	There are 10 different samples of size 3 that may be selected from the population.  Record each of these samples and its corresponding sample mean in the following table.
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		Find and record the mean of the values of  �EMBED Equation.2����seq User_Box  \* Arabic  \h�  in the preceding table.














	c.	There are 5 samples of size 4 that may be selected.  Record each sample and its corresponding sample mean in the table below.
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Sample mean, �EMBED Equation.2����seq User_Box  \* Arabic  \h��
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		Find and record the mean of the values of  �EMBED Equation.2����seq User_Box  \* Arabic  \h�  in the preceding table.




















2.	What do you observe to be true about the mean of the sample means in each case?  Do you think this will always be true?  If so, why.  If not, construct an example for which it is not true.
























































3.	Let the variable  y  represent the number of spots landing face up in the single toss of a fair six-sided die.





	a.	What are the possible values for the variable  y ?














	b.	If the probability of an event is the number of times it may occur divided by the number of equally likely outcomes, what is the probability of each value of    y  listed in (a)?


























	c.	Your answers to (a) and (b) together define a probability distribution (a random variable, y , and a function assigning probabilities to each of the values of the random variable).  This is an example of a uniform probability distribution since the function assigning probabilities is constant in value.  





		If this experiment were performed 300 times, use the probabilities to predict the approximate frequency of each value of  y  that you could expect:
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		Use your table of frequencies to find the mean of the values obtained in 300 rolls of the die.














	d.	Find the mean of values expected in  600 rolls of the die; 1500 rolls of the die. Generalize and explain your results for  n  rolls.  What is the standard deviation?





























4.	X(Plore) may be used to conduct a Monte Carlo simulation of this experiment.  Load the file  sample.xpl.  First, simulate tossing a die 500 times by entering the commands indicated on the copy of the screen below.


	+������������������������X(PLORE) � Prentice Hall 1993�������������������������+


	F1 Help     F3 Mark Text    F5/F6 Output           F7 Save   F9  Last Graph   


	F2 Printer  F4 Insert Text  Ctrl�Q  Quit           F8 Load   F10 Subroutines  


	Insert      Radian          Ctrl�Enter  InsLine   sF8 Dir   sF10 Clear All    


	+���������������������Input����������������������������������Output������������--


	//Simulate rolling a die n times by entering    _ 	 


	 the function definition below.  "Roll(n)"      _                             


	 generates a sample of size n from the          _                             


	 theoretical population of the results of       _                             


	 rolling a die an infinitely large number of    _                             


	 times.  (Note that "random" generates a        _                             


	 random number strictly between  0  and  1.)    _                             


	                                                _                             


	roll(n)=list(int(6*random)+1,k=1,n)             _                             


	                                                _                             


	//Roll the die 500 times.  Note the mean and    _                             


	 standard deviation.  Construct the histogram.  _                             


	                                                _                             


	n=500                                           _                             


	roll(n)                                         _                             


	average(roll(n))                                _                             


	standev(roll(n))                                _                             


	histogram(roll(n)1,6,6)                         |                             


	+�����������������������Last Result���������������������������Memory Available�--


	a.	Record the mean and standard deviation for the 500 data values:





		Mean, �EMBED Equation.2����seq User_Box  \* Arabic  \h� = ___________	Standard Deviation, s = ____________





	b.	Describe the shape of the histogram.


























	c.	What proportion of the data seems to lie within two standard deviations of the mean?

















5.	Use X(Plore) to find the means of 5, 10, 20, 50, and 500 samples of size 4 from the die-rolling experiment (i.e., each sample contains the data resulting from 4 die tosses) as indicated on the copy of the screen below.  (Change the 5 in the line defining a to reflect the number of samples as required.)





	+������������������������X(PLORE) � Prentice Hall 1993�������������������������+


	F1 Help     F3 Mark Text    F5/F6 Output           F7 Save   F9  Last Graph   


	F2 Printer  F4 Insert Text  Ctrl�Q  Quit           F8 Load   F10 Subroutines  


	Insert      Radian          Ctrl�Enter  InsLine   sF8 Dir   sF10 Clear All    


	+���������������������Input����������������������������������Output������������--


	                                                _                             


	n=4                                             _                             


	a=list(average(roll(n)),k=1,5)                  _                             


	xbar=average(a)                                 _                             


	s=standev(a)                                    _                             


	histogram(a,1,6,25)                             _                             


	                                                _                             


	+�����������������������Last Result���������������������������Memory Available�-


	                                                                 66248       


	+�����������������������������������������������������������Last Graph in Memory





	Describe the change in the shape of the distribution of means, a, as the number of samples increases.



































6.	Simulate the experiment for 500 samples of sizes 4, 9, and 16.  Record the mean and standard deviation for the collection of sample means in each case.  Round each answer to two decimal places.
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	a.	Describe how the sample mean and sample deviation change as the sample size increases.  Describe the shapes of the histograms.
































	b.	If  s1 is used as an approximation for  F, the population standard deviation, and the values of �EMBED Equation.2����seq User_Box  \* Arabic  \h�  in the table above are rounded to the nearest integer, what would you guess the relationship to be between  F and the sample standard deviation in terms of  n?





























�
	


�PRIVATE ��The Central Limit Theorem:





	If random samples of  n  observations are drawn from a population with mean  :  and standard deviation  F, then when  n  is large, the sampling distribution of sample means will be approximately a normal distribution with mean  :  and  standard deviation � EMBED Equation.2  ���.  The approximation becomes more and more accurate as  n  increases.


�seq Text_Box  \* Arabic�1�















































7.	Using X(Plore) and the file sample.xpl, print the histogram for the sampling distribution of the means of samples of size 16 and the graph of the normal distribution with : = 3.5  and   � EMBED Equation.2  ���.





	a.	Use the histogram to estimate the probability that the die lands with either 2, 3, or 4 spots up.  Explain how you obtain your estimate.























	b.	Use the normal curve to estimate the same probability.











8.	What would you predict the average number of times that you would spin a penny   until the penny  lands heads up?




















	Spin pennies to determine the mean number of spins until the first head appears.  Describe your experiment; record your data and conclusions.

















�
Activity 2:  Point Estimations of �EMBED Equation.2����seq User_Box  \* Arabic  \h� and �EMBED Equation.2����seq User_Box  \* Arabic  \h� from Large Samples





1.	Using the Calc Menu in Minitab, select Random Distribution-Uniform Distribution.  Have Minitab put 100 randomly-generated numbers between 0 and 1 from a uniform distribution in Column C1.  Then use Basic Stats-Descriptive Stats to record the mean and standard deviation here:





		�EMBED Equation.2����seq User_Box  \* Arabic  \h� = ______________    s = ___________________





	Repeat this process for n = 300 numbers (use Column C3)





		�EMBED Equation.2����seq User_Box  \* Arabic  \h� = ______________    s = ____________________





	Repeat this process for n = 500 numbers





		�EMBED Equation.2����seq User_Box  \* Arabic  \h� = ______________ 	  s = ____________________





	What do you think are the mean and standard deviation of 10,000 numbers selected from a uniform distribution on the interval [0,1]?





		�EMBED Equation.2����seq User_Box  \* Arabic  \h� = ______________    s = _____________________











2.	Using Minitab, and the CALC Random Data Menu, select in the uniform distribution, 100 rows, col 1, lower end point=0, upper=10 to put 100 numbers randomly selected from a uniform distribution in column 1.  For this distribution, what is the population mean?





		�EMBED Equation.2����seq User_Box  \* Arabic  \h� = __________________





	It can be shown that the uniform distribution on the interval [a,b] has standard deviation �EMBED Equation.2����seq User_Box  \* Arabic  \h�


							





		What is �EMBED Equation.2����seq User_Box  \* Arabic  \h� for this distribution? ____________________





	Use the STAT, Basic Stats, Descriptive Stats Menus to find





		�EMBED Equation.2����seq User_Box  \* Arabic  \h� = ___________________





		s = ___________________





		sx (the standard error of the mean) =  _________________





	The Central Limit Theorem says  �EMBED Equation.2����seq User_Box  \* Arabic  \h� closely fits a normal distributiowith mean �EMBED Equation.2����seq User_Box  \* Arabic  \h� and standard deviation sx.  


	


	Is this value of  �EMBED Equation.2����seq User_Box  \* Arabic  \h�  within three standard deviations of the mean? _________________





	How many standard errors is this �EMBED Equation.2����seq User_Box  \* Arabic  \h� from the mean?  ___________





	(This value is called the z-score of this particular �EMBED Equation.2����seq User_Box  \* Arabic  \h�.)





	For this sample, is s a reasonable approximation of �EMBED Equation.2����seq User_Box  \* Arabic  \h�?______








2.	Redo the previous exercise, choosing the binomial distribution with n = 100 and p = .4.





	Compute the population mean and standard deviation using  : = np and  F = np(1-p).





		: = _____________	F = ________________








		�EMBED Equation.2����seq User_Box  \* Arabic  \h� = ___________________





		s = ___________________





		sx (the standard error of the mean) =  _________________





	Is this value of �EMBED Equation.2����seq User_Box  \* Arabic  \h� within three standard deviations of the mean? _________________





	How many standard errors is this �EMBED Equation.2����seq User_Box  \* Arabic  \h� from the mean?  ___________





	(This value is called the z-score of this particular �EMBED Equation.2����seq User_Box  \* Arabic  \h�.)





	For this sample, is s a reasonable approximation of �EMBED Equation.2����seq User_Box  \* Arabic  \h�?______









































3.	Redo the previous exercise, choosing the normal distribution with �EMBED Equation.2����seq User_Box  \* Arabic  \h� = 50 and �EMBED Equation.2����seq User_Box  \* Arabic  \h� = 5.








		�EMBED Equation.2����seq User_Box  \* Arabic  \h� = ___________________





		s = ___________________





		sx (the standard error of the mean) =  _________________





	Is this value of �EMBED Equation.2����seq User_Box  \* Arabic  \h� within three standard deviations of the mean? _________________





	How many standard errors is this �EMBED Equation.2����seq User_Box  \* Arabic  \h� from the mean?  ___________





	(This value is called the   z-score  of this particular �EMBED Equation.2����seq User_Box  \* Arabic  \h�.)





	For this sample, is s a reasonable approximation of �EMBED Equation.2����seq User_Box  \* Arabic  \h�?______
































4.	Write a short summary answering:





	What is a good estimate of �EMBED Equation.2����seq User_Box  \* Arabic  \h�?





	What is a good estimate of �EMBED Equation.2����seq User_Box  \* Arabic  \h�?





	Does the shape of the parent population affect your results significantly?








�
Activity 3:  Putting Bounds on the Error of Estimation 


(Application Activity)





1.	Since x closely fits a normal distribution for large sample sizes, �EMBED Equation.2����seq User_Box  \* Arabic  \h� and a given x will seldom differ by more than two standard deviations of the sampling distribution, i.e. most of the time (about 95% of the time in repeated sampling)   x  and �EMBED Equation.2����seq User_Box  \* Arabic  \h� will differ by no more than 2 �EMBED Equation.2����seq User_Box  \* Arabic  \h� sx.





	Use this fact to get a "point estimate with bounds" for the population mean of  <grades, placement test,?>





2.	Another similar exercise with another data set?








3.	Return to the spinning pennies exercise.  Put a bound on the error of your estimate of the average number of spins until the first head appears.
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