	Linear Regression:  Paired Data and Line Fitting








Reference:	Quantitative Literacy Series - Exploring Data, Sections VI and VII, pages 83-137.








Review of Prerequisites:





1.	A linear function is a function that may be defined by a function rule of the form   f(x) = ax + b  where  a  and  b  are real numbers.  The graph of a linear function is a non-vertical straight line.  





2.	The slope of a line is the ratio of the vertical change to the horizontal change in the coordinates when moving from one point to another point on the line.   The            y-intercept of a line is the point where its graph intersects (or crosses) the y-axis.  


The slope of the line that is the graph of   f(x) = ax + b  is  a  and the y-intercept is the point  (0,b).





3.	Paired data are ordered pairs of numbers that are related in some way.  Usually, the numbers represent two measurements related to the same person or thing.  A scatter plot of paired data is a graph of the ordered pairs.





4.	Regression analysis is the process of finding an approximating function to a set of paired data.  The function is used for estimation and prediction.





5.	If the function defined by  y = f(x)  is used to model a set of paired data, the sum of squares for error  is the sum of the squares of the differences of the y-coordinates of the data pairs from the values predicted by  f  for the corresponding  x-coordinates.  


Example:  The following statistics were reported in The State on Sunday, March 20, 1994, showing the number of prison inmates per 100,000 residents in South Carolina.			











Years after 1960�



x�
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No. prison inmates per 


100,000 residents�
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�






If the function  f(x) = 22x - 170  is used to approximate the ordered pairs  (x,y)  in the table above, the sum of squares for error may be computed as demonstrated in the following table:
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f(x) = 22x - 170�
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Sum of Squares for Error�



 �



136,974�
�






6.	The least-squares line of fit for a set of paired data is the linear function for which the sum of squares for error is the smallest possible (or is minimum).





7.	The residuals for a regression line are the differences between the y-coordinates of the data pairs and the linear function values for the corresponding x-coordinates.





In the example in (5), the residuals are found in the column headed  y - f(x).





8.	The (linear) correlation coefficient for the variables  x  and  y is a number between  -1  and  1  that measures the strength of the linear relationship between  x  and  y.  





If the value of the correlation coefficient, r  or  corr(x,y), is near  1, there is a strong positive linear relationship between  x  and  y.  This means that, as  x  increases,  y  most surely does, too.  If  r (or corr(x,y)) is  -1, there is a strong negative linear relationship between  x  and  y.  In this case, an increase in  x  is almost surely accompanied by a decrease in  y.  If  r (or corr(x,y)) is near  0, the value of  y  cannot be predicted from the value of  x.





Often, two different quantities are related.  Older children are usually bigger.  Older antiques are usually more valuable.  Heavier cars usually use more gas.  With paired data analysis, we can answer, "How much bigger?  How much more valuable?  How much more gas?"





If, for example, an equation of the form  weight = 10 *(age) - 20  (a linear function of age) reasonably well predicts a child's weight when his/her age is known, weight and age may be described as linearly related.  The graph of (height,weight) data for a group of children might resemble the following:	


�
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If, however, the same variables are studied for students through college, the graph might look like the following.  No linear function could reasonably well represent it.
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Objectives:





1.	To develop an understanding for the fitting of lines to data, and the application of the process;


2.	To develop an understanding of the median fit line and the least squares line;


3.	To develop an understanding for the application of correlation coefficient.





Materials:





1.	TI82 calculator


2.	Minitab software and computer





�
Activity 1:  Scatter Plots and the Median Fit Line





1.	The Friday, June 25, 1993, Spartanburg Herald-Journal classified section listed 13 Honda Accords for sale.  The ages of the vehicles are given below in years, and the advertised price of each vehicle is given below in thousands of dollars.
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18.0�



15.0�



16.0�



13.7�



11.8�



10.0�



9.0�



6.0�



2.5�



2.0�



2.0�



1.6�
�



a.	Construct a scatter plot of the paired data  (age, price).
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            b.	What does the scatter plot convey to you about the price of a vehicle in relation to its age?











�
�
c.	If you were to draw a line showing the trend in the relationship you described in (b), what would be its direction as you move from left to right?  What could you say about its slope?
























































d.	Draw the line that you believe fits the data the best.  





i.	Write the coordinates of two widely separated points through which this line passes.

















ii.	Find the slope of this line.























iii.	Write an equation that describes this line.























�
2.	Using Minitab, load the data file SAT89_90.MTW.  This file contains SAT scores, both verbal and quantitative, as well as placement test scores in mathematics and reading for freshmen applying to USCS for admission during the academic year 1989-90.  Construct a scatter plot for each of the following data pairs; print the plot; discuss whether there appears to be a positive association, negative association, or no association in each case.





a.	(MthPlcSc, VerbSAT)









































b.	(MthPlcSc, MathSAT)


















































3.	In cases where there appears to be a linear association of paired data, there is the opportunity to try to find a line approximating the ordered pairs in the scatter plot.  Such a line could be used to predict associations for values not listed in the paired data.  There are several different approaches to finding approximating lines for paired data.





A quick and easy way to fit a line, called the median fit line, through the data points is illustrated below.  Follow this procedure to find the median fit line for the data set in problem (1) of this activity.








�
Count the data points:   There are  13  paired data points in the table that follows.








Oil changes per year�



x�



3�
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10�



7�
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Cost of repairs�



y�



300�



300�



500�



400�



700�



400�



100�



250�



450�



650�



600�



0�



150�
�



(Data from Chapter 4, Exploring Linear Data, Data Analysis and Statistics, NCTM Addenda Series Grades 9-12.)





Construct a scatter plot.
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�
With two lightly drawn dotted vertical lines, divide the plane into three vertical strips with each strip having approximately the same number of points.  The two outer strips should have the same number of points, if possible.
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Find the middle of each group of points.  Mark it with a cross.  You can do that in either of two ways:





i.	You can find the median of the x-values and the median of the y-values for each group.  The three ordered pairs, then, are the middle points of the respective groups.


or


ii.	You can use your ruler to separate the points of each group in half.  First, separate the points by placing the ruler vertically among the points.  Draw a light line.  Then, place the ruler horizontally among the points and evenly divide the group of points.  Draw another light line.  The intersection of the light lines is the middle point.  (See the graph on the next page.)
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Connect the outermost cross marks with a temporary line (maybe a dotted line or a lightly-drawn line).
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Slide your ruler 1/3 of the way toward the cross mark of the middle group, keeping it parallel to the temporary line.  Draw the median fit line.  (See the next page.)


�
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Complete the median fit line for the Accord price data. 
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�
a.	From your graph, estimate the price of an eight year old Accord. 














b.	Without knowing what options were on it, what would you expect a new Accord to cost?

















Explain how you determined your answer and what mathematics you used.












































c.	What does your graph say about fifteen-year old Accords?  Explain.



























































�
d.	Record the approximate coordinates of two points through which your line passes.  Estimate the slope of your line.  





Points:  ____________  and  _____________





Slope:

















e.	What is the y-intercept of your line?




















f.	In statistics, the slope-intercept form of a line,  y = A + Bx, is used to describe lines.  In this form, the coefficient of  x, B,  is the slope and the constant term, A,  is the y-coordinate of the y-intercept.  Explain why.


















































g.	Write the equation of your line:





_______________________________________





h.	Using equation in (g), predict the price of an eight-year old Accord. 

















�
i.	What factors affect the accuracy of this prediction?





















































j.	If you saw an Accord for sale with a price of $7900.00, how old would you expect it to be?  Explain how you reach your conclusion, and show any calculations.   

















�
Activity 2:  The Least-Squares Line�PRIVATE ��





Drawing the median fit line involves some guesswork. Using the procedure described in the previous activity, it is reasonable to expect that two people might correctly construct two different lines to fit the same data points.  The
