The Wrapping Function�PRIVATE ��

(An Introduction to Sine and Cosine)



Review of Prerequisites:



1.	A function  f  from a set  A  to a set  B  is a correspondence between the elements of the two sets that matches each element of  A  with exactly one corresponding element in  B.  



	The elements of  A  are called the input values and comprise the domain of  f , abbreviated dom f.  Any element in  B  that is assigned by  f  to an element in  A  is called an output value;  the set of all output values is called the range of  f , abbreviated  ran f.



	To indicate that a function  f  assigns the element  x  in  A  to the element  y  in  B ,  the notation  f(x) = y  is used.  This is read "the value of  f  at  x  is  y"; or more simply, "f  of  x  is  y." 



		Examples:



		Let   A  and  B  both equal the set of natural numbers,  (  = { 1, 2, 3, 4, . . .}.



		a.	Let each element of  A  be paired with any element of  B  that it divides.  For example,  the element  1  is paired with every element of  B;  3  is paired with the elements  3, 6, 9, . . .  This correspondence does not define a function since there is an input with more than one output (in fact, every input results in infinitely many outputs!).



		b.	Let  f  pair each element of  A  with  3  more than its square.  In other words, for every   x ( A,   f(x) = x2 + 3.    For example,    f(1) = 12 + 3 = 4, and       f(5) = 52 + 3 = 28.



			Note that for a given input (i.e., a given value of  x), there is exactly one possible output (i.e., exactly one possible answer for  x2 + 3).  This means that  f  is a function.



					dom f = A

					ran f = {4, 7, 12, 19, 28, 39, 52, . . . }.



		c.	Let  f  pair each element of  A  with the sum of its distinct positive integer factors.



			For example,  f(1) = 1  since the only such factor of  1  is  1;  f(4) = 7  since the positive integer factors of  4  are  1, 2, and 4; and  f(12) = 28  since the positive integer factors of  12  are  1, 2, 3, 4, 6, and 12.



			f  represents a function since each input results in exactly one output.



					dom f = A

					ran f = {1, 3, 4, 6, 7, 8, 12, 13, 14, 18, 20, 24, 28 . . . }.



		d.	Let  A  be the set of items for sale in a One-Price Clothing Store.  Let  f  match each element with the ticketed price of the item.  (Every item sells for  $7.00.)



			f  represents a function since  it  pairs each item with exactly one price - for each input, there is exactly one output).



					dom f  is the set of items for sale.

					ran f = {7}.



2.	The unit circle is the circle that has as its center the origin of the coordinate plane and a radius of length one.  Using a rectangular coordinate system, the unit circle is the set of points described by  {(x,y) | x2 + y2 = 1}.  Using a polar coordinate system, the unit circle is described by  { [r,(] | r = 1}.



3.	The radian measure of an angle is the ratio of the length of a circle's arc that is subtended by a central angle congruent to the given angle, to the length of the radius of the circle (i.e., the number of radial units in the length of the arc).  Radian measure is dimensionless.



	Since a central angle of 360( subtends the entire circle,  360( = � EMBED Equation.2  ��� radians where                  r  represents the radius of the circle.  So,   360( = 2( radians;    1( =  � EMBED Equation.2  ��� radians;  and  

	1 radian =� EMBED Equation.2  ���.



Objectives:



1.	To give a concrete demonstration of the wrapping function and the corresponding definitions of the circular functions f(x) = sin x  and  g(x) = cos x;



2.	To use the wrapping function to calculate approximate values of the sine and cosine functions of a selected set of numbers.



Materials:



1.	Rectangular grid paper, 3" H 5" index card, transparency with perpendicular lines

2.	Triman compass

3.	Cloth tape and cellophane tape

4.	2" lengths of PVC pipe to serve as models of unit circles

5..	Colored markers

6.	Mira

7.	Protractor

�Activity:



Select a circular 2" length of PVC pipe to serve as a model of the unit circle.  Make a tracing of  your group's model of the unit circle in the space below.  Use a mira to construct two diameters, and locate the center of the circle. 



















































Place the unit circle model on the traced circle.  Use a marker to mark the endpoints of a diameter on the base of the model.



Cut a piece of cloth tape long enough to wrap around the unit circle model four complete times plus a small allowance on the end.



Fold the tape in half, mark the midpoint of your piece with a line segment, and label it  0 (i.e., zero).  



On the tape, use a red marker and the Triman compass to mark off units from  0  equal to the length of the radius of your circle.  Label units to the right of  0  with appropriate positive integers and units to the left of  0 with appropriate negative integers.  Your tape should resemble the diagram below.  It is now a measuring tape in radial units for your circle model.



	� EMBED Word.Picture.6  ����seq User_Box  \* Arabic  \h�



Cut the newly constructed measuring tape on the zero line to form halves corresponding the positive numbers and negative numbers respectively.



Using the Triman compass and your tracing, mark the points corresponding to one radial unit on each of the coordinate axes below.  Use the Triman compass to draw a copy of your unit circle model centered at the origin.  Use the mira to divide the segment from  (0,0) to (1,0)  into eight congruent parts.  



On the edge of an index card, mark a segment congruent to your radial unit and the subdivisions of this unit into eighths.  Use these subdivisions on the edge of the card to divide each of the other three units on the coordinate axes into eighths.
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1.	Tape the  0  mark on the positive half of the tape to one of the endpoints of the diameter marked on your unit circle model.  Wrap the half of the tape corresponding to positive numbers around the circle model in the counterclockwise direction once.  Use a blue marker to note the point on the tape where it begins to overlap.



	Using your measuring tape and the index card with eighths of a unit marked, what is an approximation of the circumference of your circle to the nearest sixteenth of a radial unit?  Is your approximation reasonable?  Explain.























2.	Place the circle (with wrapped tape) on the drawing you made on the coordinate axes so that the point on the circle model to which  0  on the measuring tape has been attached coincides with the point (1,0) in the coordinate plane, and both of the marked endpoints of the diameter fall on the  x-axis.  



	On the drawn circle, mark the points to which  2, 3, 4, 5, and 6 have been attached  and label them  P(1), P(2), P(3), P(4), P(5), and P(6) respectively.



	Attach the 0 mark on the negative half of the tape to the circle model, and wrap the portion of the tape corresponding to the negative direction once around the circle in the clockwise direction.  



	As above, mark the points on the drawn circle that correspond to the points to which  -1, -2, -3, -4, -5, and -6 have been attached. Label them  P(-1), P(-2), P(-3), P(-4), P(-5), and P(-6) respectively.





�	

	The wrapping function is the function  P  that assigns to each number  t  on the number line (modeled by your measuring tape) the ordered pair representing the coordinates of the point on the unit circle to which it is attached when the number line is wrapped around the unit circle as described:  0  is attached to the point  (1,0); the positive half of the number line is then wrapped around the unit circle in the counterclockwise direction and the negative half wrapped in the clockwise direction.



�PRIVATE ��The abscissa of the point on the unit circle to which the point  t  on the number line has been attached by the wrapping function is defined to be the cosine of t, written  cos t.  The ordinate of this point is defined to be the sine of t, written  sin t.
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In function notation,  P(t) = (cos t , sin t)



	Use the transparency with perpendicular lines and your sketch to approximate the values of  sine and cosine functions indicated in the table below to the nearest sixteenth of a unit.  Express your answers in fractional form.



�PRIVATE ��t�-6�-5�-4�-3�-2�-1�0�1�2�3�4�5�6��cos t���������������sin t���������������







3.	Does there seem to be a relationship between  sin x  and  sin(-x)?  cos x  and  cos(-x)?  Explain in both cases.









































4.	Explain why the correspondence described in this activity defines a function.
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5.	What is the domain of the function  f(x) = sin x ?  the range?  Explain.









































6.	What is the domain of the function  f(x) = cos x ?  the range?  Explain.
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