The Law of Cosines
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Review of Prerequisites:



1.	A right triangle is a triangle with a right angle at one of the vertices.  An acute triangle is a triangle in which all of the angles are less than 90( in measure.  An obtuse triangle is a triangle in which one angle has measure greater than 90(.



2.	The Pythagorean Theorem states that the sum of the squares of the lengths of the two legs (or two shorter sides) of a right triangle is equal to the square of the length of its hypotenuse (or longest side).



3.	The sine of the measure of an acute angle of a right triangle represents the ratio of the length of the leg opposite the angle to the length of the hypotenuse.  



	The cosine of the angle represents the ratio of the length of the leg adjacent to the angle to the length of the hypotenuse.



4.	The slope of a non-vertical line is the constant ratio of the vertical change to the horizontal change in moving from a point on the line to any other point.  The slope of a vertical line is not defined.



5.	Two non-vertical lines are perpendicular if the slope of one is the negative of the reciprocal of the other.



6.	Any angle inscribed in a semicircle is a right angle.





Objectives:



1.	To demonstrate the Pythagorean Theorem using an area model;



2.	To use the area model in generalizing the Pythagorean Theorem to triangles that are not right triangles.







Materials:



1.	Rectangular grid paper

2.	Colored pencils

3.	Triman compass and straight-edge

4.	Geometer's Sketchpad and the file coslaw.gsp�Activity:



On a piece of rectangular grid paper, construct a right triangle in the following manner: 



Select two points on the middle horizontal grid line that are six units apart to serve as the endpoints of the hypotenuse; 

Construct the upper semicircle having the hypotenuse as its diameter; 

Select a point of intersection of the semicircle with a vertical grid line for the vertex of the right angle. 
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Label the endpoints of the hypotenuse  A  and  B, and the vertex of the right angle  C as indicated in the figure to the left.



Using the slope concept, a Triman compass, and a straight edge, construct squares on each of the sides of the right triangle.



Approximate the area of each of the square regions on the two legs, and the two rectangular regions that make up the square region on the hypotenuse, in square grid units. 



Record the areas for each of your group members in the table that follows.
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	a.	What seems to be the relationship of the values in the table?





	b.	Express  x  in terms of  b  and a trigonometric function of  A (the measure of  (BAC).









		In terms of the sides of  (ABC,  cos A = _____________.



	c.	Use your answers in (b) to show that the area of the rectangle in the diagram with sides of lengths  c  and  x  is equal to  b2.











	d.	In a similar manner as in (b) and (c), show that  c(c - x) = a2.













2.	Open the program Geometer’s Sketchpad and load the file  coslaw.gsp from the disk provided by your instructor.  A sketch similar to the one below should appear on your computer screen.	�seq User_Box  \* Arabic  \h�
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a.	Measure the area of each of the rectangular regions on the sides.  Do this by clicking the left mouse button on each of the colored regions to select the region, and then clicking on Measure, Area.  The area of the selected region will be written on the sketch.  If two areas overlap (as in the rectangles inside the squares), clicking more than once toggles the selection between the overlapping regions.  



	Construct a table to contain the areas that you measured.  Do this by selecting the measures (click on each while holding the shift key down), click on Measure, Tabulate.  



	Drag vertex  C  to a new location,  keeping an acute angle at vertex  C  (point at  C  with the mouse, click, hold the left mouse button down and move  C  up or down the line).  Notice the measures change with the location of  C.  Add the new measures to your table by pointing at the table with the mouse, and double-clicking the left mouse button.  Repeat for two additional locations.  Record the areas in the table below.
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	b.	What conclusions might you reach about the relationship between the areas of the rectangular regions on the basis of your data?















	c.	How do the values of  a2 + b2  and  c2  compare?  Why?  If they are not equal, what seems to represent their difference?















	d.	Explain why  z = b cos A  (where  A  is the measure of  pBAC).







	e.	Explain why  b - x = c cos A.  What is the significance of this and the equality in (d) in terms of areas in the diagram?

























	f.	Similarly, explain why  a - y = c cos B  and  c - z = a cos B, and the significance.





























	g.	Express the distance  x  in the diagram on the previous page in terms of  a  and a trigonometric function of the measure of  pACB (i.e., pC of the original triangle).  (Hint:  Use the observation that  x  is the length of a leg of the right triangle  (GCB.)

















	h.	Express the distance  y  in the diagram on the previous page in terms of  b  and a trigonometric function of the measure of  pACB  (i.e., pC of the original triangle). 











	i.	Write an equation that gives the relationship between  a2 + b2  and  c2  in an acute triangle.

















3.	In the sketch, move  C  toward the position at which a right angle is formed at  C.



	a.	What happens to the regions in the sketch as you move  C ?  











	b.	If  C  is at the position where a right angle is formed at the vertex, what is the relationship between  a2 + b2  and  c2 ?  Does the equation that you wrote in 2(i) above apply in the case of a right triangle?  Explain why or why not.























4.	Move vertex  C  in the sketch so that  (ACB  is an obtuse triangle (with the obtuse angle at  C). 



	a.	Describe what happens to the rectangular regions.























	b.	Measure the areas of the rectangular regions as you did in (2).  Construct a table containing these measures.  Move  C  to three additional locations, and add the resulting measures to your table.  Record these areas in the following table.
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	c.	What conclusions might you reach about the relationship between the areas of the rectangular regions on the basis of your data?





















	d.	How do the values of  a2 + b2  and  c2  compare?  If they are not equal, which is larger, and what seems to represent their difference?























	e.	Notice that it is still true that  z = b cos A.  Explain why  b + x = c cos A.  What is the significance of these equalities in terms of areas in the diagram?















	f.	Express the distance  x  in the diagram on the previous page in terms of  a  and a trigonometric function of the measure of pACB (i.e., pC of the original triangle).  (Hint:  Use the observation that  x  is the length of a leg of the right triangle  (GCB.)













	g.	Express the distance  y  in the diagram on the previous page in terms of  b  and a trigonometric function of  the measure of pACB  (i.e., pC of the original triangle). 













	h.	Write an equation that gives the relationship between  a2 + b2  and  c2  in an obtuse triangle.
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