Sine and Cosine Ratios in Right Triangles



Review of Prerequisites:




	
1. 	The unit circle is the circle in the plane centered at the origin with a radius of one.  By the Pythagorean Theorem, if  P(x,y)  is any point on the unit circle, x2 + y2 = 1.



2. 	The sine of  �symbol 80 \f "Greek Symbols" \s 12�� ,  sin �symbol 80 \f "Greek Symbols" \s 12�� ,  is the value of the  y�coordinate of the point  P(x,y)  that  is the intersection of the unit circle and the terminal side of the angle with vertex at the origin, initial side along the positive  x-axis, and measure  �symbol 80 \f "Greek Symbols" \s 12�� .  	The cosine of  �symbol 80 \f "Greek Symbols" \s 12�� ,  cos �symbol 80 \f "Greek Symbols" \s 12�� ,  is the value of the  x�coordinate of this point.
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				sin �symbol 80 \f "Greek Symbols" \s 12�� = y

	

				cos �symbol 80 \f "Greek Symbols" \s 12�� = x











			



	Examples:
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				a.	In the figure to the right,



						sin (   =  0.6

					and	cos (  =  0.8
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		b.	In the figure to the left,



					sin (   =  -0.8

				and	cos (  =  -0.6













	



3.	If  -1 �symbol 163 \f "Symbol" \s 12�� x �symbol 163 \f "Symbol" \s 12�� 1, the arcsine of  x ,  denoted  arcsin x  or  sin-1 x , is the measure  �symbol 113 \f "Symbol" \s 12��  of the 		angle between  �embed Equation.2 ���  and  �embed Equation.2 ���  for which the value of the sine function is  x.  In other words,  for	-1 �symbol 163 \f "Symbol" \s 12�� x �symbol 163 \f "Symbol" \s 12�� 1   and   �embed Equation.2 ��� �symbol 163 \f "Symbol" \s 12��  �symbol 113 \f "Symbol" \s 12��  �symbol 163 \f "Symbol" \s 12�� �embed Equation.2 ���  ,   arcsin x = �symbol 113 \f "Symbol" \s 12��   if and only if   sin �symbol 113 \f "Symbol" \s 12��  = x .



		Likewise, if  -1 �symbol 163 \f "Symbol" \s 12�� x �symbol 163 \f "Symbol" \s 12�� 1, the arccosine of  x ,  denoted  arccos x  or  cos-1 x , is the measure  �symbol 113 \f "Symbol" \s 12��  of the angle between  0  and  �symbol 88 \f "Greek Symbols" \s 12��  for which the value of the cosine function is  x.  In other words,  for	-1 �symbol 163 \f "Symbol" \s 12�� x �symbol 163 \f "Symbol" \s 12�� 1   and   0 �symbol 163 \f "Symbol" \s 12�� �symbol 113 \f "Symbol" \s 12�� �symbol 163 \f "Symbol" \s 12�� �symbol 88 \f "Greek Symbols" \s 12��,   arccos x = �symbol 113 \f "Symbol" \s 12��   if and only if   cos �symbol 113 \f "Symbol" \s 12��  = x .



		Examples:



			a.	arcsin 0 = 0    since    sin 0 = 0		b.	arcsin 1 = � EMBED Equation.2  ���     since    sin � EMBED Equation.2  ��� = 1

		c.	arccos -1 = (    since    cos ( = -1		d.	arccos 0 = � EMBED Equation.2  ���    since    cos � EMBED Equation.2  ��� = 0



Objectives:



1.	To write the definitions of sine and cosine as ratios of  appropriate sides of an arbitrary right triangle.



2.	To use the Pythagorean Theorem to derive the Pythagorean identity for sine and cosine.



3.	To use the TI�82 calculator to find values of the sine, cosine, arcsine, and arccosine functions.



4.	To find values of the sine and cosine  functions of acute angles in a right triangle for which the lengths of the sides are known.



5.	To use the definitions of sine and cosine to find the measures of all the parts of a right triangle. 



6.	To use the Pythagorean identity to find the value of  sin �symbol 80 \f "Greek Symbols" \s 12��   when  cos �symbol 80 \f "Greek Symbols" \s 12��  is known, or  cos �symbol 80 \f "Greek Symbols" \s 12��   when  sin �symbol 80 \f "Greek Symbols" \s 12��  is known.



7.	To make observations and solve problems involving sines and cosines in right triangles.





Materials:



TI�82 Calculator



�



Cooperative Group Activity:



1.	In the figure below,  
(
ABC represents an arbitrary right triangle in which  a  is the measure of the leg opposite  �symbol 65 \f "Math Ext" \s 12�� A ,  b  is the measure of the leg opposite  �symbol 65 \f "Math Ext" \s 12�� B, and  c  is the measure of the hypotenuse (the side that is opposite the right angle).  



	A set of coordinate axes has been superimposed on the triangle so that the origin coincides with  �symbol 65 \f "Math Ext" \s 12�� A.  A unit circle with its center at the origin has been constructed on the axes.  Point  P  is the point of intersection of the circle with the hypotenuse. 
 
�embed Equation.2 
�
�
� is perpendicular to the  x�axis.
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	Use your knowledge of the coordinate plane to label the coordinates of the vertices of    

	( ABC  in terms of the lengths of its sides  a,  b,  and  c.   What is the relationship between  ( APQ  and   ( ABC?  Why?




	
	
A
 = __________		
	
B
 = 
__________	
		C
 = 
__________	




















	Use your knowledge of the geometry of similar triangles to rewrite the definitions of  sin A and   cos A  (or  sin (  and  cos ( )  in terms of the lengths of the sides   a,  b,  and   c   of     ( ABC.  
Explain how you reach your conclusion
.















	In right  ( ABC, the side of length  a  is opposite (opp)  ( A; the side of length  b  is  adjacent (adj) to ( A; the side of length  c  is the hypotenuse (hyp).  Rewrite the definitions of 
 
  sin A   
 
and 
 
  cos A 
 
  in terms of these verbal descriptions of  a,  b, and  c.











2.	The Pythagorean Theorem can be used to show that, if point  P(x,y)  is a point on a unit circle, x2 + y2 = 1.  Rewrite this relationship in terms of   sin (   and   cos (   where   (   is the measure of the corresponding central angle with initial side along the positive  x-axis and terminal side passing through  P.  (This equation is appropriately called the Pythagorean identity for sine and cosine. )









	 

		Use algebra
 and the characterizations of sine and cosine as ratios of appropriate sides of a right tr
iangle
 to show that the Pythagorean identity holds for   sin A  and   cos A   
in the 
 right
 triangle,
  ( ABC
,
 
as shown in the figure.

�			



2.	For practice use the TI�82 calculator to evaluate each of the following to four decimal places.



			sin 30° 
(
				sin 75° 
(
				sin 45° 
(




				cos 30° 
(
				cos 75° 
(
				cos 45° 
(





	sin2 30° + cos2 30° =					sin2 50° + cos2 50°  =





3.	For practice use the TI�82 calculator to find the following angles
, if they exist, 
 measured to the tenth of a degree. 
  If an angle does not exist, explain why.




				sin-1 0.3452 
(
						sin-1 
1
.7021 
(
		



				sin-1 0.4545 
(
						cos-1 0.3452 
(
			



				cos-1 0.7021 
(
						cos-1 
1
.4545 
(








4.	Find the sine and cosine of  
(
A  in each of the following right triangles to four decimal places.  Use the value of sine or cosine to determine the measure of  
(
A  to the nearest tenth of a degree.



					
�
			
(
 A 
(
  ___________





							









						
�
		
	
	
(
 A 
(
  ___________



							



5.	Use the 
characterizations
 of sine and cosine
 as ratios of appropriate sides of a right triangle,
 and the Pythagorean identity to find the indicated missing parts of the right triangles below.
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				c 
(
  _____________				( A 
(
 _____________
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				( A =  _____________				a = _____________
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			c 
(
 _______________		




6
.	Use the Pythagorean identity to find the value of the sine of the angle when its cosine is known or the value of the cosine of the angle when its sine is known.



			sin (  =  � EMBED Equation.2  ���	cos (  = _________		cos (  = � EMBED Equation.2  ���	sin (  = _________













			sin (  = � EMBED Equation.2  ��� 	cos (  = _________		cos (  = 0.7022	sin (  = _________














7
.	Describe a right triangle for which the sine and cosine of one of its acute angles have the same value.  Explain why your triangle satisfies this condition.







�



8
.	Sailors on small boats lacking sophisticated electronic equipment still use trigonometry to determine their location and course.  In navigation, the  course of a craft  is the angle measured in degrees clockwise from the north to the direction in which the craft is traveling.  The bearing of a particular location 
P
 from an observer at 
O
 is the angle
 
 
(
  
measured in degree
s
 
clockwise from the north to 
 
�
 
EMBED 
Equation.2 
 
�
�
�
.  The figure below shows two cases.  In the first case the bearing of the boat is 
NE
;  in the second the bearing is 
SW
.





		
�
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	Suppose a navigator on a ship, sailing on a course of 345° at 20 knots (nautical miles per hour), sights a lighthouse due north of the ship.  Fifteen minutes later the lighthouse is due east of the ship.  How far from the lighthouse is the ship at that time?
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Trigonometric Ratios in Right Triangles














Trigonometric Ratios in Right Triangles












