Graphical Properties of the 


Sine and Cosine Functions





Review of Prerequisites:





1.	The sine of  t,  sin t, is the ordinate of the point on the unit circle that is the image of the point  (1,0)  under a rotation of magnitude   t  about the origin.





2.	The cosine of  t,  cos t, is the abscissa of the point on the unit circle that is the image of the point  (1,0)  under a rotation of magnitude   t  about the origin.





3.	A function  f  is  periodic  if and only if there is a positive real number  k  such that 


	f(x + k) = f(x)  for all values of  x  in its domain.  The smallest positive value of  k  for which this equality is true is called the period of  f.





4.	A subset  S  of the plane is symmetric with respect to the y-axis if and only if whenever the point  (x,y) belongs to   S,  then the point  (-x,y)  also belongs to  S.





Examples:


a.	S = {(x,y) |  y = 9 - x2 }  is symmetric with respect to the  y-axis since, as a consequence of the fact that  (-x)2 = x2, it follows that whenever  (x,y)  belongs to  S  (or  y = 9 - x2 ),   y = 9 - (-x)2   and   (-x,y)  also belongs to  S.  





b.	S = {(x,y) | x = 9 - y2 }  is not symmetric with respect to the  y-axis since, for example,  (8,1)  belongs to  S  ( 8 = 9 - 12 ), but  (-8,1) does not     


	(-8 Ó 9 - (-1)2  ).





5.	A subset  S  of the plane is symmetric with respect to the origin if and only if whenever the point  (x,y) belongs to   S,  then the point  (-x,-y)  also belongs to  S.





Examples:


a.	S = {(x,y) | x2 + 4y2 = 4}  is symmetric with respect to the  origin since, as a consequence of the facts that  (-x)2 = x2  and  (-y)2 = y2, it follows that whenever  (x,y)  belongs to  S  (or x2 + 4y2 = 4),  (-x)2 + 4(-y)2 = 4  and   


	(-x,-y)  also belongs to  S.  





b.	S = {(x,y) | x + y2 = 9}  is not symmetric with respect to the origin since, for example,  (8,1)  belongs to  S  (8 + 12 = 9), but  (-2,-1) does not     


	( (-8) +  (-1)2 … 9).


Objectives:





1.	To examine the periodicity of the sine and cosine functions;


2.	To examine the symmetry of the graphs of the sine and cosine functions.





Materials:	X(Plore)  or  TI82 calculator


�
�
Activity:





1.	Load the software program X(Plore).  (If you are running Windows and X(Plore) is installed in a program group, double-click the left mouse button on the icon labeled X(Plore); otherwise, with the prompt on the drive containing your program, type xpl.)  The screen should resemble the figure below, with a blank area beneath Input.





+���������������----���������X(PLORE) � Prentice Hall 1993�������������������������+


|F1 Help     F3 Mark Text    F5/F6 Output           F7 Save   F9  Last Graph   |


|F2 Printer  F4 Insert Text  Ctrl�Q  Quit           F8 Load   F10 Subroutines  |


|Insert      Radian          Ctrl�Enter  InsLine   sF8 Dir   sF10 Clear All    |


+������������------���������Input����������������������������������Output�����������|


|window(�2pi,2pi,�1,1)                           |ANS = 0                      |


|axis(pi/2,4,.25,2)                              |                             |


|grid(pi/4,.25)                                  |                             |


|table(cos(x),sin(x),x=�6,6,1)                   |                             |


|x=list(t,t=�6,6,1)                              |                             |


|plot(x,cos(x))                                  |                             |


|                                                |                             |


|                                                |                             |


+���������������������----��Last Result���������������������������Memory Available�|


|Graph completed                                            |     222416       |


+�����������������������-----������������������������������������Last Graph in Memory





a.	Using X(Plore) to graph requires you to begin by setting the range of values on each of the coordinate axes.  For this exercise, set the range of values for  x  from 


	-2B  to  2B, and the range of values for  y  from  -1  to  1.  The command that accomplishes this is


	window(-2pi,2pi,-1,1).





In order to be able to approximate visually the location of points on a graph, it is useful to have units labeled on the axes and a grid superimposed on the plane.  To label units of  B/2  subdivided into  4  congruent parts on the  x-axis and units of  0.25  subdivided into  2  equal parts on the  y-axis, enter





	axis(pi/2,4,.25,2).





To superimpose a grid with horizontal subdivisions of  B/4  and vertical subdivisions of  .25, enter


	grid(pi/4,.25).





b.	Generate a table of values of the sine and cosine functions for the integer values of  x  between  -6  and  6  by entering


	table(cos(x),sin(x),x=-6,6,1).	(Note:  The  1  represents the amount the  x-value is to be  incremented in each step starting from  x = -6  and stopping when  x = 6.)  





Make sure that your printer is turned on.  Print a copy of the table by moving the cursor to the line with the table command using the arrow keys, pressing  F2, selecting item 1 (Start printing ...) by pressing the  1  key, and pressing Enter to re-enter the table command.





Turn the printing off by again pressing  F2, and selecting item 2 (Stop printing...) by pressing the  2  key.





Where in the plane do the points represented by the ordered pairs  (cos x, sin x)  lie?  Explain.


























2.	Place the integers between  -6  and  6  inclusive in a list by entering





	x=list(t,t = -6,6,1).





Notice that the list of integers appears in the area at the bottom of your screen entitled  "Last Result."





Plot the ordered pairs  (x, cos x)  for the integer values of  x  in the list by entering





	plot(x,cos(x)).





On the screen containing the graph, there are cross hairs in the upper left corner.  These may be moved vertically using the arrow keys and diagonally using the Home, End, Page Up, and Page Down keys of an enhanced keyboard.  The corresponding keys located on the numeric keypad move the same directions, but in smaller increments.  





Move the cross hairs so that they are centered on one of the points that have been plotted.  Notice that in the lower right hand corner of the screen are the approximate coordinates of the center of the cross hairs.





Press the Enter key to return to the input window.  Using the arrow keys, move the cursor to the line  x = list(t,t=-6,6,1)  and beneath the number  1.  Edit the step size by replacing  the  1  with  .1.  Press the Enter key to reenter the line.





Plot the points corresponding the new list by moving the cursor to the line  plot(x,cos(x))  and pressing  Enter.





b.	How many points are plotted using a step size of  0.1 ? __________  If the difference between two consecutive  x-values is always  0.1, why do the points appear closer together in some places than others?














c.	Change the step size to  .05, and plot the corresponding points.  Describe what you see as the step size decreases from  1  to  0.1  to  0.05.




















d.	Change the step size to  0.01, and plot the corresponding points.  Describe what happens.























e.	What does this exercise demonstrate about curves?
































3.	Erase the graphics screen by entering erase.  





Edit the window command to extend the range of  x-values from  -6B  to  6B  and the range of  y-values from  -2  to  2. Graph  y = cos x  by entering





	axis(pi,4,.25,2) 


	graph(cos(x),x).





a.	The cosine function has a value of  1  at  x = 0.  In terms of  B, what is the smallest positive value of  x , k , for which the value is repeated, (i.e. the smallest positive value of  x  for which  cos x = 1)?  What is the significance of this value?  What is the cosine of twice this value?  3 times this value?  Why?























b.	Discuss how the portion of the graph from  x = 0  to  x = k  compares with the portion from  x = k  to  x = 2k  where  k  is the value that you found in part (a).























c.	Graph  y = cos(x + k)  where  k  is the value that you found in part (a), on the same set of axes as the graph of  y = cos x.  (Do this by editing the graph command appropriately, and pressing Enter.)  What do you observe?  Is the cosine function periodic?  Explain.  If so, what is the period and why?















































d.	Does the graph of  y = cos x  have symmetry with respect to either coordinate axis or to the origin?  Explain.




















e.	Graph  y = cos(-x)  on the same set of axes as  y = cos x.  What do you observe?  

















Write an equation that describes what you observe about the relationship between the values of  cos(-x)  and  cos x.











f.	Discuss the connection between your answers to parts (d) and (e).






































4.	Erase your graphics screen (either enter the command  erase, or reenter the line containing the window command).  Graph the function  y = sin x.





In a manner similar to what was done in the previous question, analyze the graph of 


 y = sin x.












































�



5.	Graph  y = sin x  and  y = sin(x + B)  on the same set of axes.





a.	Discuss the relationship between the two graphs.  























Write an equation that characterizes the relationship that you have described.














b.	Explain how to use a symmetry of the unit circle and the definition of the sine function to justify the equality you recorded in part (a).





�








6.	Write an analogous relationship between  cos x  and  cos(x + B).  Explain how to use the unit circle to justify the relationship you give.





























7.	Summarize the relationships noted in this activity by completing each of the following equations with either  sin x ,  cos x ,  or one of their negatives.








cos(-x)�



=�



�
�



sin(-x)�



=�



�
�



cos(x + 2B)�



=�



�
�



sin(x + 2B)�



=�



�
�



cos(x + B)�



=�



�
�



sin(x + B)�



=�



�
�






Graphical Properties








Page � PAGE
