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Review of Prerequisites:








1.	An angle is the union of two rays having a common endpoint.  The rays are called sides, and the common  endpoint is called the vertex.  An angle in a rectangular coordinate system with its vertex at the origin and one side along the positive x�axis is said to be in standard position.  The side that coincides with the positive x�axis is called the initial side; the other side is called the terminal side.  In the figure below, pAOB is an angle in standard position.
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	Notes:





		pAOB can be formed by rotating the initial side � EMBED Equation.2  ��� about the origin to the position of the terminal side � EMBED Equation.2  ���.  Under this rotation, point A moves to point B along a circular path with the center at the origin.  The measure of an angle is determined by the direction and amount of rotation from its initial side to its terminal side.  If the rotation is in a counterclockwise direction, the measure of the angle is said to be positive.  If the rotation is in a clockwise direction, the measure of the angle is negative.  





		An angle whose terminal side coincides with an axis is called a quadrantal angle.  


		An angle with vertex at the center of a circle is called a central angle.  In the figure above, pAOB  is a central angle.























	In the figure below, the point  P  is the image of the point  (1,0)  under a rotation about the origin through the angle  2.  P  lies on the unit circle (the circle with radius  1  and the origin as its center).  
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3.	The region of the interior of a circle bounded by an arc of the circle and the sides of a central angle of the circle is called a sector.


	


4.	The perimeter of a circle is called the circumference.  The circumference of a circle is a function of the diameter.  In any circle, the ratio of the circumference to the diameter is constant; this constant value is called B. This relationship is written as  � EMBED Equation.2  ���, or C = Bd or C = 2Br, where  d  represents the length of a diameter and  r  represents the length of a radius of the circle. 





	Note:





		Any two circles are similar:  they have the same shape but possibly different sizes.  In similar figures, corresponding distances are directly proportional.  The constant of proportionality is called the scaling factor.  In the case of two circles, the one with a larger radius might be considered an "expansion" of the other by a factor equal to the ratio of the radii.  The distance between any two points in the larger circle or its interior is the product of this scaling factor and the distance between the corresponding points in the smaller circle and its interior. 





		In particular, any circle is similar to the unit circle.  The radius r of the circle is the scaling factor that has been applied to the unit circle, expanding distances by a factor of r. In particular, the circumference  C  of the circle is the product of the circumference of the unit circle and the scaling factor  r.  For example, if  r = 2,        C = 2(2B) = 4B ; if r = 3, C = 6B.


	


	3.	The area of a circle is given by the formula A = Br2.  














		Note:





			In similar figures, areas of corresponding regions are also directly proportional. Since a square in which each side has length s has area of  s2 square units (an expansion of the unit square by a scaling factor of  s), it follows that the constant of proportionality for corresponding areas of similar regions is the square of the scaling factor.





			A circle of radius  r  is an expansion (or contraction) of the unit circle by a scaling factor of  r.  It follows that the area of the circle of radius  r  is the area of the unit circle multiplied by  r2.   For example, noting that the area of the unit circle is  B,  if  r = 2,  A = (22)(B) = 4B; if  r = 3,  A = 9B.


	


	


	


	Objectives:


	


	1.	To use paper and pencil to divide a unit circle into specified sectors and to examine the characteristics of the resulting points on the circumference of the circle.


	


	2.	To use concrete, graphic, and abstract experiences to investigate radian measure of angles.


	


	3.	To make observations and solve problems involving degree and radian measure of angles.


		


	





	Materials:





Unit circle on a rectangular grid


Protractor


PVC pipe section


Cloth tape or adding machine tape


Scotch tape or masking tape


Felt�tip marker


Mira


Triman compass


TI�82 calculator


Scissors


Transparent grid


	�
Cooperative Group Activity:


	


1.	The most familiar unit of measure of angles is the degree.  If a central angle of a circle subtends an arc whose length is 1/360th of the circumference of the circle, the measure of the angle is 1(.  The degree can also be defined as 1/90th of a right angle.  Thus, a right angle measures 90(.  Four right angles together measure a total of 360(.





	Follow the instructions below to investigate points generated on a unit circle.  Use the circle on the next page drawn in the rectangular coordinate system in which the unit is divided into 10 congruent parts.





Use a protractor to divide the circle into 24 congruent sectors with the positive x�axis forming the initial side of the first sector. Use any obvious symmetries to simplify this task.





Label the point of intersection of the circle with the x�axis P(0) = (1,0). 


	


Moving in a counterclockwise direction around the circle, label all other points      P(2) = (x, y), giving appropriate values to 2, x, and y.  (2  represents the measure in degrees of the central angle formed by the positive  x-axis and the ray from the origin through the point  (x, y).)  Use the grid lines to determine the coordinates to the nearest hundredth of a unit.  Use any obvious symmetries to expedite this task.


	


2.	Another unit for measuring the size of angles is the radian (radial unit).  A radian is the measure of a central angle of a circle that intercepts an arc equal in length to the radius of the circle.  The radian measure of a central angle is the length of its subtended arc measured in radial units (or the arc length divided by the length of the radius). The figures below show graphically the concept of the radian for both a unit circle and a non�unit circle.


	


	In the unit circle,  t  represents the length of the arc from  (1,0)  to  P; in the circle of radius  r,  s  represents the length of the arc from  (r,0)  to  P.  If  2  represents the radian measure of the corresponding central angle, then  2 = s/r  by the definition of radian measure.
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Notice that since C = 2Br, the measure of the central angle subtending the entire circle is exactly 2B radians.  The radian measure of an angle is independent of size or unit of measure of the radius.





Radian measure of angles is used almost exclusively in mathematics beyond the Algebra II level because it is a natural, not an artificial, unit of measure. The measure of an angle in degrees is a denominate number while the measure of an angle in radians is a number without denomination; that is, without a unit of measure.   It is important for students to develop the radian system concretely as early as possible in their study of trigonometry, to understand it conceptually, and to become completely comfortable in its use.  Also, using an alternative to the degree helps students understand the concept of measure.


	


	Follow the instructions below carefully to investigate radian measure in a unit circle.  Do not use a ruler or a protractor in the constructions.


	


Trace the circumference of the PVC pipe section onto a sheet of unlined paper.  Use a mira to construct x� and y�axes so that the origin is at the center of the circle.  Label the x� and y�axes.  The radius of the PVC pipe section will be the unit.


	


Label the intersection of the circle with the x�axis P(2) = (x, y), giving appropriate values for 2, x, and y.    Label the radius  Ar = 1.@


	


Using a black felt�tip marker, draw a short vertical line near the bottom of the PVC pipe section.  Use this line as a starting point for finding the circumference of the can. Label this line A0@ on the can.  





Cut a piece of cloth tape a little longer than the circumference of the PVC pipe section.  Choose a point near the left end of the cloth tape as a starting point.  Mark this point with a black felt�tip marker.  Label this point A0@ on the tape.





Go back to the drawing. Carefully and exactly measure off units on the cloth tape equal to the radius of the circle to make a number line from 0 to 7.  Cut the tape off just beyond the last mark.





Now go back to the PVC pipe section.  Use transparent tape or masking tape to fasten the cloth tape to the PVC pipe section so that the zero points coincide.  Wrap the tape around the can in a counterclockwise direction one time.  Tape it in place.  Use the marks on the tape to mark corresponding points on the can with a blue felt�tip marker.  Label the new points on the can 1 through 6.





Now use the marks on the can to mark off corresponding points on the drawing.  Be sure that the zero�points on the can and the circle coincide.  Connect each point with a line to the origin.  


	


	Note:  In a later lesson we will determine a method for determining values for the coordinates for P(1), P(2), etc.


�
�
3.	Degree measure has been used since ancient times.  What are some reasons ancient mathematicians would have used the degree as 1/360th of a circle?





























4.	Use a protractor to approximate the corresponding measure in degrees of the angle with measure of  1  radian in the first sector of your last drawing.





	21 . 1 radian . _____________





	Use a protractor to approximate the measure in degrees of the central angle corresponding to the last sector in your drawing (the sector that is smaller than the other 6 sectors).





	27 . _____________





	Use these two measures to determine the approximate number of radians in the angle subtending the entire circle.  Show how you make this determination.


























	What is the significance of this number (the approximate number of radians in the angle subtending the entire circle)?

















5.	French mathematicians once proposed dividing the right angle into one hundred equal parts for a measure called a gradient or grad.  What would be the advantages and disadvantages to such a system?
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6.	Through how many degrees does the minute hand of a clock rotate in 50 minutes?
































7.	Through how many radians does the minute hand of a clock rotate in 50 minutes?





























8.	At Mario's Pizza House, pizzas are cut into six equal slices.  On the buffet, Mario sells one slice of a 10�inch pizza for $1.00, and one slice of a similar 16�inch pizza for $2.00.  Which slice is the better buy?  Explain.
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