Lengths of Arcs and Areas of Sectors

�PRIVATE ��



Review of Prerequisites:



1.	The circumference of any circle is a function of its radius, i.e., C = 2Br.  



	Any circle is similar to the unit circle.  The radius r of the circle is the scaling factor that has been applied to the unit circle, expanding or contracting distances by a factor of r. In particular, the circumference  C  of the circle is the product of the circumference of the unit circle and the scaling factor  r.  For example, if  r = 2,   C = 2(2B) = 4B ; if   r = 3, C = 6B.

	

2.	The area of any circle is also a function of its radius; i.e., A = Br2.  



	A circle of radius  r  is an expansion (or contraction) of the unit circle by a scaling factor of  r.  It follows that the area of the circle of radius  r  is the area of the unit circle multiplied by the square of the scaling factor,  r2.   For example, noting that the area of the unit circle is  B,  if     r = 2,  A = (22)(B) = 4B; if  r = 3,  A = 9B.
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              r = 1 unit,  C = 2B units,  A = B square units       r = 3 units,  C = 6B units,  A = 9B square units





2.	The radian measure 2 of a central angle of a circle is the ratio of the length  s  of its intercepted arc to the radius  r  of the circle (i.e.,  2 = s/r).  If an angle has its vertex at the center of a unit circle and intercepts an arc of length 1 unit, it has a measure of  1 radian.



3.	The area of circular sector is directly proportional to the length of its intercepted arc.  In other words, the ratio of the area of a sector of a circle to the area of the circle (Br2) is equal to the ratio of the length of its intercepted arc to the circumference (2Br) of the circle.







Objectives:



1.	To determine the lengths of arcs subtending central angles in circles.



2.	To determine areas of sectors of circles.



3.	To make observations and solve problems involving the lengths of arcs and areas of sectors.







Materials:



Triman compass

Protractor

TI�82 Calculator



�Cooperative Group Activity:



1.	In the figure below, the smaller of the circles has a radius of 1 unit and the larger a radius of r units.  The central angle 2 intercepts an arc of length  t  on the unit circle and arc of length  s  on the circle of radius  r. 
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	a.	Complete the table below.  Find the indicated values of  t .





(�

s�

t��

2(����� EMBED Equation.2  �������

(����

	b.	Use your knowledge of similarity of circles to write an equation that shows the relationship between s and t.  Explain why your equation is valid.  



















	c.	Suppose angle 2 is measured in radians. Write equations that show the relationship between 2 and t, and between 2 and s.  Explain why your equations are true.





















	d.	Do the last equations you wrote hold if 2 is measured in degrees?  Why or why not?















2.	In the figure below, the smaller of the circles has a radius of 1 unit and the larger a radius of r units.  The central angle 2 intercepts an arc of length  t  on the unit circle and arc of length  s  on the circle of radius  r. 



� EMBED Word.Picture.6  ����seq User_Box  \* Arabic  \h�



	In the figure above, let  K(r,()  represent the area of the sector of the circle of radius  r  determined by the central angle  ( , and K(1,()  the area of the unit circle determined by  (.







	a.	Find the values indicated in the following table in terms of  r.





(�

K(1,()�

K(r,()��

2(����� EMBED Equation.2  �������

(����



	b.	Use your knowledge of similarity of circles to write an equation that shows the relationship between the area  K(1,2)  of the sector of the unit circle determined by  2, and the corresponding area  K(r,2)  of the sector of the circle with radius r (in general terms - the value of  r  is not known).  Justify your equation.  (Let  K(r,2)  represent the area of the sector of a circle of radius  r  and corresponding central angle of measure  2.)











	c.	If  2  is measured in radians,  what is the value of  K(1,2)  in terms of  2?  Explain.

















	d.	If  2  is measured in radians, what is the value of  K(r,2)  in terms of  2  and  r?     Explain.

























	e.	Do the equations in (b) and (c) hold if 2 is measured in degrees?  Why or why not?























3.	Determine the length of the arc  t  that subtends a central angle of  1( in a unit circle.



	a.	Express the answer both in B units and as a decimal number to five places.  (Use 3.14159 as an approximation for B.)  













	b.	Show how you could use this number in both forms as a proportionality constant to determine the length of arc s subtending angle 2 in a circle of radius r if the measure of the angle is given in degrees.  Give two examples.



















4.	Use the TI�82 calculator and the formula you have discovered to complete the table below in which the angle is measured in degrees.  Round each answer to the hundredth place.





�PRIVATE ��Central angle �45(�30(�135(�270(�60(�360(��Radius	�3 cm�1 cm�4 cm�10 cm�3 cm�4 cm��Length of arc��������







5.	Use the TI�82 calculator and the formula you have discovered to complete the table in which the angle is measured in radians.  Round each answer to the hundredth place.





�PRIVATE ��Central angle �B/4�B/6�3B/4�3B/2�B/3�2B��Radius	�3 cm�1 cm�4 cm�10 cm�3 cm�4 cm��Length of arc��������



6.	Compare the two tables in items 4 and 5 above.  How do you explain the results?



















7.	When a plane intersects a sphere, the intersection is a circle.  When the intersection contains the center of the sphere, the intersection is called a great circle.  Why do you think airplanes follow great circle paths on long flights?  What factors might cause them to deviate from the great circle?



























8.	A point P is 1500 miles north of the point on the equator nearest to it.  If the radius of the earth is 3960 miles, find the latitude of the point P in degree measurement.















9.	The figure below represents a PVC pipe with an inside diameter of 4 inches and a thickness of 1/4 inch.  What is the area of a cross�section of the pipe?  What volume of PVC compound would be needed to mold a gross (i.e., 12 dozen) of 12�foot pipes?
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