  A Discrete Probability Distribution: The Binomial
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Review of Prerequisites:





	1.	A function is a correspondence between the elements of two sets that assigns to each element of the first set a unique element of the second set.  The first set, the set of input values, is called the domain of the function.  The second set, the set of output values, is called the range of the function.





	2.	A random variable is a function for which the domain is a sample space and the range is a subset of the real numbers (i.e., it is a function that assigns each element of a sample space to a unique real number).



		Example:	For the probability experiment of tossing two coins, a sample space of equally likely outcomes may be represented by



						S = {(H,H),(H,T),(T,H),(T,T)}.  



				If  x  matches each ordered pair in S to the number of heads observed,  x  is a random variable.  For example,  x  assigns (H,H)  to  2,  and  (H,T)  to  1.  In conversation, one might refer to  x  as "the number of heads obtained in tossing two coins."





	3.	A discrete random variable is a random variable for which the range can be counted (i.e., placed into a one-to-one correspondence with a subset of the counting numbers).



		Example:	The random variable described in (2) is an example of a discrete random variable.  Its range of values is the set {0,1,2}.





	4.	A continuous random variable is a random variable that may assume any value along an interval of the number line.



		Example:	The random variable representing the height of the ocean's tide at a given location is a continuous random variable.  Another example would be the random variable representing the length of a rocket flight.



�	5.	A probability distribution for a random variable is a function that assigns each value of the random variable to its probability.



		Example:	The probability distribution for the random variable  x  defined in (2) for the sample space  S = {(H,H),(H,T),(T,H),(T,T)} may be described by the following table:
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�Probability of  x,  p(x)
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�p(x) = 1/2

��2

�(H,H)

�p(x) = 1/4
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Objectives:





	1.	To initiate thought about continuous and discrete distributions.



	2.	To gain facility with concepts involved in calculating with probabilities.  Specifically, those concepts of union, complement, and independence.



	3.	To explore the binomial probability distribution and some of its applications.



	4.	To demonstrate one of the primary advantages of using technology in the classroom.







Materials:





	1.	Ruler or straight edge

	

	2.	TI82 Calculator or X(Plore)





�Activity 1:  Binomial Probability Experiments





A binomial probability experiment is a probability experiment that has the following properties:



	i.	The experiment consists of a finite number n of identical trials.



	ii.	Each trial results in one of two outcomes.  These are usually referred to as success and failure.



	iii.	The probability  p  of success on a single trial remains the same from trial to trial.



	iv.	The trials are independent (e.g., the outcome of one trial does not affect the outcome of any other trial).



	v.	The number of successes obtained in the  n  trials is the item being analyzed.





1.	Determine which of the following represent binomial probability experiments.  Explain your conclusion in each case by discussing whether or not each of the five properties listed above is present.  If a binomial experiment is described, identify the values of  n (the number of trials) and  p  (the probability of success).



	a.	Abe and Beth play tennis often.  Beth wins, on average, 2 out of every 3 games.  What is the probability that she wins exactly 5 of the next 6 games?  



















	b.	A multiple choice exam has four choices for each of ten questions.  If you guess, what is the probability that you get exactly 5 correct answers for the first 6 questions?





















	c.	A jar contains three red and two white balls.  Two balls are randomly selected one at a time without replacement from the jar.  What is the probability that two red balls are chosen?



















	d.	A jar contains three red and two white balls.  Two balls are randomly selected one at a time with replacement (i.e., the first ball was selected, observed, and returned to the jar before selecting the second ball).  What is the probability that two red balls are chosen?



















2.	If you know the probability of success in a trial of a binomial experiment, how do you find the probability of failure?  Explain.





















3.	Consider the problem described in (1a).  Abe and Beth play tennis often.  Beth wins, on average, 2 out of every 3 games.  What is the probability that she wins exactly 5 of the next 6 games?  



	Approximate a solution to (a) with simulation on the TI82.  This requires a model with a sample space that has an event with a probability of  2/3.  Using the approach of the previous unit in the problem of rain on a two-day hike, let  S = {0,1,2}.  A "tennis game" corresponds to randomly selecting an element of  S.  Beth "wins" if  0  or  1  is selected.  Beth "loses" if  2  is selected.



	Using the TI82, enter the function INT(3*RAND) and press ENTER a few times to make sure it works.  It should randomly generate numbers from {0, 1, 2}.  A success (Beth wins) is represented by    0  or  1.  Beth loses (failure) if  2  comes up.  



	One repetition of the complete experiment consist of six "trials" or "games" (i.e. six presses of the ENTER key).  Try 40 repetitions.





�PRIVATE ��Repetition No.�1�2�3�4�5�6�7�8�9�10��Exactly 5 wins?(Y/N)�������������PRIVATE ��Repetition No.�11�12�13�14�15�16�17�18�19�20��Exactly 5 wins?(Y/N)�������������PRIVATE ��Repetition No.�21�22�23�24�25�26�27�28�29�30��Exactly 5 wins?(Y/N)�������������PRIVATE ��Repetition No.�31�32�33�34�35�36�37�38�39�40��Exactly 5 wins?(Y/N)������������



	Use the data in the table to approximate the probability that Beth wins exactly five of the six games.  Show how you calculate the approximation.





�4.	A nickel has been bent so that the probability of the coin landing heads up (H) on one toss is 0.6.  The nickel is tossed five times.



	a.	If  p = Prob (H) = 0.6  and  T  represents the event of the coin landing tails up on one toss, what is Prob (T)?  Explain.











	b.	Think of two tosses of this coin.  Let   H1  be the event that the coin lands heads up on the first toss, and  T2   the event the coin lands tails up on the second toss.  



		Does the outcome of the first toss influence the outcome of the second toss?  ____



			Prob(H1) = _______		Prob(T2) = _______



		Recalling the results of Activity 3 in the unit Fundamentals of Probability, how may   Prob(H1 1 T2)  be calculated using  Prob(H1)  and  Prob(T2)?













		What is the value of   Prob(H1 1 T2) ?









	c.	Remembering that successive trials (tosses) are independent, find the probabilities of each of the following events, each representing one possible outcome of five tosses.  In each case, show your calculation.



		i.	(H,H,T,H,T)  (where this represents the event of the coin landing H on the first, H on the second, T on the third, H on the fourth, and T on the fifth toss)









		ii.	(H,T,H,H,T)

		











	d.	What is the probability of any 5-tuple with 3 H's and 2 T's?  Explain your reasoning.  

















	e.	From the triangle you computed in the unit Sets and Counting (Pascal's Triangle), how many 5-tuples exist with exactly 3 H's and 2 T's?  (This number is denoted 5C3.  Check it with the TI82.)









	f.	What is the probability of exactly 3 heads in 5 tosses of the bent nickel?  Explain your reasoning.













	g.	If the probability of success on one trial is represented by a variable  p, express the probability of 3 successes in 5 trials in terms of  p  and an appropriate number of combinations.













	h.	If the probability of success on one trial is represented by a variable  p, express the probability of  r  successes in  n  trials in terms of  p.























5.	Return to the problem in (1a).  Abe and Beth play tennis often.  Beth wins, on average, 2 out of every 3 games.  What is the probability that she wins exactly 5 of the next 6 games?  

	

	Use your conclusion in (4g) to find the theoretical solution to this problem.  How does your solution compare to your approximation that was obtained with a simulation?

















6.	Return to the problem in (1b).  A multiple choice exam has four choices for each of ten questions.  If you guess, what is the probability that you get exactly 5 correct answers for the first 6 questions?



	Use your conclusion in (4g) to find the theoretical solution to this problem.















�Activity 2:  Applications of the Binomial Probability Distribution 





1.	The forecast calls for 30% chance of rain each day for the next four days.  Assuming that the event of rain on one day is independent of the event of rain on any other day,



	a.	What is the probability of not having rain on any of the four days?









		On exactly 1 of the four days?









		On fewer than 2 of the four days?  Explain.

















	b.	What is the relationship between the events of rain on at least 2 of the four days and rain on fewer than 2 of the four days?  











		Use the relationship you have just described to find the probability of rain on at least 2 of the four days.











2.	The probabilities calculated in problem (1) are described as cumulative probabilities.  Explain why this description is appropriate.











3.	In Desert Storm, SCUD missiles hit about 20% of their targets.  Ten missiles are fired at a fuel storage facility.



	a.	Identify what success means in this case, the number of trials, and the probability of success on each trial.

















	b.	In order to calculate the probability that between 3 and 5 missiles hit the facility, what probabilities do you need to find? Why?















	c.	Find the probability that between  3  and  5  missiles hit the facility.















	d.	Can you use your answer to (c) to find the probability that less than 3 or more than 5 hit the facility?  Explain.  Find this probability.

















4.	The probabilities calculated in problem (1) are described as interval probabilities.  Explain why this description is appropriate.



�5.	A young married couple wishes to postpone starting a family for a few years.  They choose a birth control procedure that is effective 80% of the time.



	a.	What is the probability that it is effective all four of the first four times it is used?















	b.	What is the probability that it fails at least once in the first four times?















	c.	What is the probability that it fails at least once in the first ten times?













�Activity 3:  Automating the Calculation Process



By now, computing binomial probabilities has become an algorithmic or mechanical process for you, since you have observed the same calculation applies in every case - only the numbers vary.  Algorithmic calculations can be more easily done with technology.  The following TI82 program can obviate the need for tables and tedious calculations used in many probability classes.





	Program Steps:				Keystrokes:

	

							PRGM 

							 (		(To select NEW.)

							1		(To select Create New.)

							ENTER

	Prgm 1:BINOLOOP					BINOLOOP	(Press the keys with the corresponding letters above them.)

							ENTER



	:Disp "PROB P"					PRGM

							 (		(To select <I/O>.)

							3 		(To select Disp.) 

							2nd A-LOCK

							"PROB_P"		(“ is found above +; "_" is above 0 and acts as a space.)

							ENTER



	:Input P						PRGM

							 (		(To select <I/O>.)

							1 		(To select Input.)

							ALPHA P 

							ENTER



	:Disp "NUM TRIALS"				PRGM

							 (		(To select <I/O>.)

							3 		(To select Disp.) 

							2nd A-LOCK

							"NUM_TRIALS" 

							ENTER

	

	:Input N						PRGM

							 (		(To select <I/O>.)

							1 		(To select Input.)

							ALPHA N 

							ENTER

	

	:Lbl Q						PRGM 

							9 		(To select Lbl.)

							ALPHA Q 

							ENTER

	

	:Disp "NUM SUCCESSES"				PRGM

							 (		(To select <I/O>.)

							3 		(To select Disp.) 

							2nd A-LOCK

							"NUM_SUCCESSES" 

							ENTER

	

	:Input X						PRGM

							 (		(To select <I/O>.)

							1 		(To select Input.)

							X,T,( 

							ENTER







(Continued on next page)

	:N nCr X*P^X*(1-P)^(N-X)6Y				ALPHA N 

							MATH 

							(		(To select PRB.)

							3 		(To select  nCr.)

							X,T,(

							H 

							ALPHA P^X|T H (1 - ALPHA P)^(ALPHA N - X,T,() 

							STO  (

							ALPHA Y

							ENTER



	:Disp "Y is"					PRGM

							 (		(To select <I/O>.)

							3 		(To select Disp.) 

							2nd A-LOCK

							"Y_IS" 

							ENTER

	

	:Disp Y						PRGM

							 (		(To select <I/O>.)

							3 		(To select Disp.) 

							ALPHA Y 

							ENTER

	

	:Goto Q						PGRM 

							0 		(To select Goto.)

							ALPHA Q 

							ENTER

							2nd QUIT







To use your program, press   PGRM 1 (where 1 is the number of the program named BINOLOOP),  followed by  ENTER.  



You will be prompted to enter the probability of success on one trial (P), the number of trials (N), and the number of successes (stored in the variable  X  in the program)

.

The program will continue to ask you for "NUM SUCCESSES" until you press 2nd QUIT.





1.	Use your program to calculate answers to 1a, 3c, and 5a of Activity 2.  Record your answers to TI82 accuracy here:



	(1a).	Prob (Rain on fewer than 2 of 4 days, p = .3)







	(3c).	Prob (3, 4, or 5 SCUD hits on 10 shots, p = .2)







	(5a).	Prob (4 successes of 4 trials at birth control, p = .2)









2.	A discrete probability distribution such as the binomial can be graphically represented by a graph called a histogram.  A histogram consists of rectangular bars that may be drawn with each having a base centered on a value of the random variable and of width  1.  The height of each bar is the probability of the value of the random variable at the center of its base.



	Recall the probability distribution for the random variable  x  representing the number of heads obtained in the toss of two coins (sample space  S={(H,H),(H,T),(T,H),(T,T)})  described by the following table:

�PRIVATE ���PRIVATE ��x�Corresponding sample points�Probability of  x,  p(x)��0�(T,T)�p(x) = 1/4��1�(H,T),(T,H)�p(x) = 1/2��2�(H,H)�p(x) = 1/4���seq User_Box  \* Arabic�2�



				

	













	The diagram below represents a histogram for this distribution:



				��seq User_Box  \* Arabic  \h�



	a..	With your calculator, find the probabilities of 0, 1, 2, 3, and 4 successes on 4  trials of a binomial experiment for which the probability of success on a single trial is  p = 0.45.  Use the information to draw a histogram for this distribution on the next page.  Round each of your answers to three decimal places.





�PRIVATE ��No. of Successes, x�0�1�2�3�4��Probability, p(x)�������



	b.	The histogram:
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	c.	What is the area of each of the rectangles in the histogram?















	d.	What is the sum of the areas of the rectangles?  Explain why you would expect this answer.





�3.	A teacher has produced an interactive text lesson to teach factoring to homebound students.  The lesson has been successful in 65% of its trial uses.  She has 12 homebound students who need to learn factoring.



	a.	Compute the distribution of probabilities for 0 through 12 successes.  Round all approximations to three decimal places.





�PRIVATE ��No. of Successes, x�0�1�2�3�4�5�6�7�8�9�10�11�12��Probability, p(x)���������������

	b.	Construct the histogram for this distribution:	





	� EMBED PBrush  ���





	c.	Describe, in your own words, the shape of this distribution.





















	d.	What is the sum of the areas of the rectangles?  Is this expected?  Explain.



















	e.	Find the probability that fewer than  4  students will be successful.  Explain your answer and the relevance of your histogram.

�
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