	Sets and Counting�PRIVATE ��








Review of Prerequisites:





	1.	The term set is undefined, but a set can be described as a collection or group of objects.


	


	2.	The term element refers to a member of a set, or one of the objects that belong to the collection that comprises the set.


	


	3.	The union of sets  A  and  B  is the set consisting of all elements that belong either to  A or to  B, or both.  The union of the sets  A  and  B  is denoted   A c B. 


	


	4.	The intersection of sets  A  and  B  is the set consisting of all elements that belong both to  A  and to  B simultaneously.  The intersection of the sets  A  and  B  is denoted 


		A 1 B.


	


	5.	A universal set U  is a set that contains all elements under consideration.  


	


	6.	The complement of set  A, denoted  AN, is the set of  elements in the designated universal set  U  that are not in  A.


	


	7.	The null set, denoted by  (, is the empty set, or the set that contains no elements.


	


	8.	The cardinal number of a set  A, denoted n(A) , is the number of elements in set  A.


		


	9.	Sets  A  and  B  are disjoint if and only if  A 1 B = (.





	10.	A permutation of  k  of  n  objects is an arrangement of   k  of the  n   objects in a specific order.  The symbol  n Pk  is used to represent the number of permutations of  k  of  n  objects.





	11.	A combination of  k  of  n  objects is any  k-element subset of the  n  objects.  The symbol  n Ck  is used to represent the number of combinations of  k  of  n  objects.  It is frequently read as "n choose k."








Objectives: 	





	1.	To count elements in a union of sets;


	2.	To count ordered pairs, triples, and n-tuples of products of sets;


	3.	To use  recursion to count permutations of elements of a set;


�
	4.	To use recursion to count combinations.














Materials:








	1.	Set of cards in two colors (white and green) with each white card containing either a circle or a square and a number from 1 to 4, and each green card containing either  a triangle or a star and a number from 1 to 4.





	2.	Colored disks or counters in at least four colors





	3.	TI-82 calculator





	4.	Yarn





	5.	Colored pencils


�
Activity 1:  Counting Unions





1.	Systematically arrange your set of  16  cards into a square.





	a.	Form a set A containing all cards with a circle by enclosing the cards that belong to A  inside a loop of yarn on the table.  List the elements in the space below.  Use  C1  to identify the card bearing a circle and the number 1, for example.  What is  n(A)?





		A = {									}











		n(A) = ________________





	b.	Form a second set  B  by enclosing all green cards in a second loop of yarn.  What is n(B) ?








		n(B) = ________________








	c.	Form  A c B  by placing a loop of different colored yarn around those cards that belong to at least one of the sets.  Sketch the arrangement using different colored pencils to show the position of the yarn loops.  Describe this set in words.  What is  n(A c B) ?


























	d.	Form  A 1 B  by placing a loop of different colored yarn around those cards that belong to both of the sets.  Describe this set in words.  What is  n(A 1 B) ?























	e.	Does  n(A c B) = n(A) + n(B) ?  Why or why not?

















2.	Remove the yarn loops from the arrangement of cards.





	a.	Form a new set  C  containing all cards with triangles by enclosing the cards that belong to  C  inside a loop of yarn on the table.  List the elements in the space below.  What is  n(C) ?




















	b.	Form a set  D  by enclosing all cards numbered either 1 or 2 in a second loop of yarn.  What is  n(D) ?














	c.	Form  C c D  by placing a loop of different colored yarn around those cards that belong to at least one of the sets.  Sketch the arrangement using different colored pencils to show the position of the yarn loops.  Describe this set in words.  What is  n(C c D) ?
































	d.	Form  C 1 D  by placing a loop of different colored yarn around those cards that belong to both of the sets.  Describe this set in words.  What is  n(C 1 D) ?


























	e.	Does  n(C c D) = n(C) + n(D) ?  Why or why not?

















3.	What makes your answers to parts 1e and 2e above different?  Explain what must be true about two sets  W  and  S  in order for  n(W c S) = n(W) + n(S)  to be true, and why.



































4.	Explain how to find  n(C c D)  when C and D have elements in common.  Use your idea to compute  n(E c F) where  E  is the set of white cards in your deck and  F  consists of all cards numbered either  2  or  3.





























5.	How many elements are there in the universal set consisting of all the cards in the set?





		n(U) = ______________





	a.	With A, C, and D as above, complete each of the following:


	


		n(AN) = ___________





		n((C c D)N) = ______________





	b.	If you are given the number of elements in a set  Q, explain how you might find the number of elements in the complement of  Q, QN, in terms of the given universal set.














�
Activity 2:  The Fundamental Counting Principle








1.	Let A be the set of cards with circles, and G the set of white cards numbered 3.  





	a.	By completing the tree below, exhibit the possible ways in which each element of  A  might be paired with an element of  G.  (Use  C 1  to identify the card bearing a circle and the number 1, for example.)





								Root


����





	Elements of A:		C 1		C 2		C 3		C 4


��











	Elements of G:     C 3     Sq 3








	b.	Referring to the tree above, list all possible ordered pairs in which the first coordinate belongs to  A  and the second coordinate belongs to  G.





			(C 1, C 3) ,  (C 1, Sq 3) ,























	c.	The set of ordered pairs in (b) is called the Cartesian product of  A  and  G  and is denoted  A ( G.  What is  n(A ( G) ?














	d.	Describe the relationship between  n(A ( G)  and the numbers  n(A)  and  n(G).  What is the connection between this relationship and the tree diagram in (a)?


























	e.	Let  B  be the set of all green cards and  E  the set of all white cards.  Use the relationship that you described in (d) to find  n(B ( E).




















2.	Let J be the set of green cards numbered 3, H the set of white cards numbered 1, and I the set of cards with triangles numbered either 3 or 4.





	a.	Draw a tree diagram as in the previous problem (1a) to exhibit the possible ways in which ordered triples might be formed by selecting first an element from  J, second an element from H, and third an element from I.  





�							Root


�





	Elements of J:		     T 3						   St 3


��











	Elements of H:      C 1     	   Sq 1


��











	Elements of I: 	T 3     T 4








	b.	Referring to the tree above, list all possible ordered triples in which the first coordinate is from J, the second is from H, and the third is from I.





		(T3,C1,T3), (T3,C1,T4), 

















	c.	Describe the relationship you see between  n(J ( H ( I)  and the numbers  n(J), n(H),  and  n(I).  What is the connection between this relationship and the tree diagram in (a)?

















3.	On the basis of your observations in  problems 1  and  2, complete the following:





	Fundamental Counting Principle:  If one task can be done in  m  ways and a second task can be done in  n  ways, then the two tasks can be done in sequence in  ____________ ways.  This may be extended to a sequence of  n  tasks:  if there are  a1  choices for a first task,  a2  choices for a second task, . . . , and  an  choices for an  nth  task, then the sequence of all  n  tasks can be selected or completed in  _________________________  different ways.








�
Activity 3:  Recursion and Counting Permutations





Use colored disks (each a different color) to answer the following questions.





1.	Consider the number of ways that two different colored disks may be arranged.  Select one disk and place it as indicated below so that there is a blank space on each side.





�						  ��seq User_Box  \* Arabic  \h�


		_______________		_______________		_______________





	Select a second disk of a different color.  If you place it on the line beside the first disk, how many options do you have for its position?  Describe these options in words, and sketch the possible arrangements using colored pencils in the space below.





	There are  __________  positions that the second disk might occupy.  So, there are





	____________  different arrangements (or permutations) of two different colored disks on





	a line.  These arrangements may be described in words as














	Sketches:

















2.	Next, select a third disk colored differently from the two disks above.  Select one of the possible arrangements of the two disks sketched above.  Position the two disks on a line so that each disk has a blank space on each side as pictured below:


��


				  ��seq User_Box  \* Arabic  \h�		 	 ��seq User_Box  \* Arabic  \h�


		________	________	________	________	________





	How many choices are there for placing the third disk on the line with the first two disks?  Describe these options in words, and list the possible arrangements using the first letter of each disk's color to represent the disk  (e.g., use  GY  to represent a green disk followed by a yellow disk to its right).





	a.	There are  ________ choices of a position for the third disk.  The disk could be placed either

















	b.	The disks used were colored ___________________, _____________________,





		and _____________________.  The different possible arrangements were


























	c.	The given arrangement of two disks gives rise to ________________ arrangements (or permutations) of three disks on a line.





		There are _________ distinct permutations of two disks.  





		Considering your answers to the previous two questions, how many permutations of three disks on a line are possible?  Explain how you reach your conclusion.























3.	Select one of the possible arrangements of three disks from above, moving the disks so that spaces exist between each pair of disks.  Select a fourth disk colored differently from the three disks.  How many choices are there for placing the fourth disk on the line with the first three disks?  List the possible arrangements using the first letter of each disk's color to represent the disk 


	


	a.	There are ____________ choices of a position for the fourth disk.  





		The disks used were colored ___________________, _____________________,





		___________________, and _____________________.  The different possible arrangements were























�
	b.	The given arrangement of three disks gives rise to ________________ arrangements (or permutations) of four disks on a line.





		There are _________ distinct permutations of three disks.  





		Considering your answers to the previous two questions, how many permutations of four disks on a line are possible?  Explain how you reach your conclusion.






































4.	Record your observations from above in the table below.  Extend the table as indicated using the approach from above as necessary.





�PRIVATE ��No. of objects,  k (colored disks)�
No. of permutations of  k-1 objects�
No. of options for placing the kth object�
No. of permutations of  k  objects�
�
2�
�
�
�
�
3�
�
�
�
�
4�
�
�
�
�
5�
�
�
�
�
6�
�
�
�
�
7�
�
�
�
�



5.	Write a rule in words for counting the possible arrangements (or permutations) of n  objects on a line in terms of the number of arrangements of  n - 1  objects.  Such a rule is called a recursive rule.  Express your rule in symbolic form, identifying any variables you might use.





























Activity 4:  Recursion and Counting Combinations





1.	Select from the bag of colored disks twenty yellow disks and twenty purple disks (or two sets each of twenty identically colored disks, each set of a different color). Note that disks of the same color cannot be distinguished.





.	There is only one way to pick none of these disks.  





	Also, there is only one distinguishable way to select exactly one purple disk, and only one way to select exactly one yellow disk.  





	Select one disk of each color and position them on your desk as in the figure below:


��


				��seq User_Box  \* Arabic  \h�				��seq User_Box  \* Arabic  \h�





	


	Next, you will construct beneath these disks a row or layer modeling distinguishable ordered pairs.





	a.	If ordered pairs are formed by selecting a disk for each coordinate of the ordered pair, what are the distinguishable possibilities for the first coordinate?  

















		the second coordinate?  

















		Using the fundamental counting principle, how many distinguishable ordered pairs can be formed in this manner?

















	b.	Model the ordered pairs with disks using the following directions:





		Each ordered pair has a first coordinate that must be one of the possibilities in the row of disks you already have on your desk.  To construct an ordered pair, you need only to pair one of these with a second disk.  In each case, you have two choices (two different colors from which to choose).  Place disks on your desk to model the possibilities, and complete the sketch of the arrangement at the top of the next page.  (For example, place two purple disks adjacent to one another to model the ordered pair in which both components are purple disks.)


����


		(              � �seq User_Box  \* Arabic  \h�,              ��seq User_Box  \* Arabic  \h�) 	(             ��seq User_Box  \* Arabic  \h�,             ��seq User_Box  \* Arabic  \h�)   (	        ,           )      (	    ,	   )





		Note that an ordered pair contains either 2 yellow disks, 1 yellow disk, or 0 yellow disks.  Rearrange the ordered pairs of disks into three columns according to the number of yellow disks in an ordered pair.  Complete the sketch of this arrangement below:





		Number of yellow disks:





 			          0			         1			     2


����


			��seq User_Box  \* Arabic  \h���seq User_Box  \* Arabic  \h�		��seq User_Box  \* Arabic  \h���seq User_Box  \* Arabic  \h�		























		Your desk should now have two layers of disks:  the top layer containing a single purple disk and a single yellow disk separated; the bottom layer should look like the sketch above.  Leave this arrangement in place!





2.	Ordered triples are to be formed by selecting either a purple or yellow disk for each coordinate. 





	a.	Determine the number of distinguishable ordered triples that are possible.  Explain your rationale.
































	b.	Each ordered triple may be matched with the ordered pair formed by its first two coordinates.  Using this idea and the second layer of disks on your desk, construct a third layer that models the distinguishable ordered triples of purple and yellow disks, placing the triples into columns according to the number of yellow disks as before.





		How many ordered triples have 0 yellow disks? __________





		How many ordered triples have 1 yellow disk? __________  Describe how these triples were formed from the layer modeling the ordered pairs.




















		How many ordered triples have 2 yellow disks?  ___________   Describe how these were formed from the layer modeling the ordered pairs.























		How many ordered triples have 3 yellow disks? __________  	Describe how these may be counted by using the layer modeling the ordered pairs.























3.	Using additional disks, extend your model to include a layer representing distinguishable ordered 4-tuples.  Describe how you made the extension.






































�



4.	Use your model to complete the first five rows of the following table.  In each cell of the table, record the number of ordered  n-tuples (where  n  is indicated by the row) having the number of yellow disks indicated by the heading of its column.
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5.	Study the entries in the table in (4) for a pattern for obtaining the entries in a row from those in the previous row.





	a.	Describe the pattern you observe.
































	b.	Use your pattern and the TI82 calculator to complete the rows for  5-tuples through  9-tuples.





6.	Constructing an ordered  n-tuple with a specified number of yellow disks may also be done by selecting the positions that will be filled by a yellow disk.  





	For example, to construct an ordered  5-tuple with two yellow disks requires the selection of two positions from the five possible positions (coordinates) in which to place a yellow disk.  The number of ways in which this can be accomplished is the same as the number of two-element subsets that may be formed from the five position numbers, or the same as the number of  _________________________  of two of five objects.





	In general, the number of ordered  n-tuples with  exactly  r  yellow disks is the same as 





	_________________________________________________________________________.





7.	Use your conclusions in (6) and (7) to write a recursive formula expressing the number of combinations of  r  of  n  objects in terms of appropriate combinations of  n - 1  objects.


	


			nCr =  _________________________________________








8.	The TI82 calculator may be used to compute the number of combinations directly. For example, to calculate  6C4  with the TI82, use the following keystrokes:








					6


					MATH


					=		(To select the option  PRB  from the menu.)


					3		(To select the option  nCr  from the menu.)


					4		(The display should show  6 nCr 4.)


					ENTER








	Use the calculator to compute each of the following:





	a.	12C5 = _________________














	b.	The number of  4 element subsets that may formed from  15  objects























	c.	The number of  3  member committees that may be formed from a faculty of  20 teachers




















	d.	The number of ordered 25-tuples in which each coordinate is either  P  or  Y  that have exactly  4  coordinates that are  Y




















	e.	The number of ways that  25  successive tosses of a coin might yield exactly  4  heads


�
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