	Fundamentals of Probability�PRIVATE ��





Review of Prerequisites:				



	1.	A probability experiment is any process having specific outcomes that may be  observed.  



		Example:	Two coins are tossed - a nickel and a penny.



	2.	An outcome of a probability experiment is one of the possible end results of the experiment.



		Example:	In the example experiment above, one possible outcome is that the nickel lands heads up and the penny lands tails up.  This may be modeled using the ordered pair (H,T) where the first coordinate specifies the landing position of the nickel and the second  coordinate the landing position of the penny.



	3.	A sample space for a probability experiment is a universal set listing only all possible outcomes of the experiment.



		Example:	For the toss of two coins described above, a sample space may be modeled by    S = {(H,H), (H,T), (T,H), (T,T)}.



	4.	An event is any subset of a sample space.



		Example:	For the experiment above, one event is that of the coins landing with exactly one head up.  As a subset of the sample space above, this event is    E = {(H,T), (T,H)}.



	5.	If each outcome in a sample space  S  is equally likely, the theoretical probability of an event E, denoted P(E) or Prob(E), is the ratio of the number of elements in the set describing the event to the number of elements in the sample space.  In other words,  �EMBED Equation.2����seq User_Box  \* Arabic  \h
�
. 



		Example:	In the coin toss above, the probability of  the event of exactly one head, E, is given by  �EMBED Equation.2����seq User_Box  \* Arabic  \h
�




	6.	The empirical probability of an event is the ratio of the number of occurrences of the event to the number of times an experiment is repeated (or the relative frequency of the event).  The empirical probability of an event approaches its theoretical probability as the number of repetitions of the experiment increases.











Objectives:



	1.	To become familiar with the vocabulary of probability;



	2.	To explore ways to assign probabilities correctly;



	3.	To experience the use of simulation to approximate probabilities;



	4.	To explore concepts needed for calculating with probabilities.





Materials:



	1.	Coins of three denominations



	2.	A pair of different colored dice or number cubes



	3.	TI82 Calculator



	4.	Three highliters of different colors



	5.	X(Plore) and computer

�Activity 1:  Computing and Approximating Probabilities



1.	Use the sample space in the example in the Review of Prerequisites to list the elements of each of the events below, and find the theoretical probability of each:



	a.	A  is the event that exactly one coin lands heads up



		A = {				}			Prob (A) =  _____



		



	b.	B  is the event that at least one coin lands heads up



		B =  {				}			Prob (B) =  _____



		



	c.	C  is the event that either the nickel lands heads up or the penny lands tails up



		C =  {				}			Prob (C) =  _____



		

					

	d.	D  is the event that no coin lands heads up (0 Heads)	



		D =  {				}			Prob (D) =  ______



		E  is the event that exactly one coin lands heads up	Prob (E) =  ______

		(see part (a) of this problem) (1 Head)



		F  is the event that both coins land heads up (2 Heads)	



		F =  {				}			Prob (F) =  ______









2.	The TI82 calculator can be used to simulate the tossing of two coins.  This may be accomplished by first recognizing that the model for the sample space of equally likely outcomes for this experiment may be written using the number  0  to represent the landing of a coin tails up and the number  1  to represent the landing of a coin heads up, instead of the letters  T  and  H.  



	Tossing a coin and recording the outcome is equivalent to selecting one of the numbers  0  or  1  randomly.  The TI81 may be used to select one of the numbers  0  and  1  at random.  This is accomplished using the following keystrokes:



		MATH 



		NUM		Use the < key to highlight  NUM  on the top row of the display.



		4		Pressing  4  selects the function  Int .  This function rounds its input to the greatest integer less than or equal to the input.



		(2 (		Three keystrokes.



		MATH 



		PRB		Use the  =  key to highlight  PRB  on the top line.



		1		Pressing  1  selects the function  Rand .  This function generates a number between  0  and  1  at random.  Note:  if  0 < Rand < 1, then  0 < 2*Rand < 2.



		)		The display should show  Int (2*Rand) .



		ENTER	You should get an output of either  0  or  1.



	This function (Int(2*Rand)) randomly generates 0's and 1's.  Press  ENTER  a few times, and watch the display.  Then press  CLEAR.



	a.	Let  0  represent the event a coin lands tails (T) up and 1 the event a coin lands heads (H) up.  Press ENTER twice to simulate tossing two coins, and record the number of heads (1's) in the space for repetition number 1.  CLEAR the screen, press ENTER twice more, and record the number of heads in the space for repetition number 2.  CLEAR the display.   Perform  50  trials and record the results of each trial.



�PRIVATE ��Repetition No.�1�2�3�4�5�6�7�8�9�10��Number of Heads������������

�PRIVATE ��Repetition No.�11�12�13�14�15�16�17�18�19�20��Number of Heads������������

�PRIVATE ��Repetition No.�21�22�23�24�25�26�27�28�29�30��Number of Heads�������������PRIVATE ��Repetition No.�31�32�33�34�35�36�37�38�39�40��Number of Heads������������

�PRIVATE ��Repetition No.�41�42�43�44�45�46�47�48�49�50��Number of Heads������������





	b.	Find the empirical probabilities of  0  heads,  1  head, and  2  heads based on the preceding data.













	c.	Compare the empirical probabilities in (b) with the theoretical probabilities in problem 1(d).













3.	A penny, nickel, and dime are tossed.  



	a.	How might you use an ordered triple to model an outcome for this experiment?











	b.	How many ordered triples would be required?  Explain how to count these without listing them all.















	c.	Find a sample space for this experiment by listing all possible equally likely  outcomes.













	d.	Use your sample space to find each of the following theoretical probabilities:



		Prob( 0 Heads) = ________



		Prob( 1 Head ) = ________



		Prob( 2 Heads) = ________



		Prob( 3 Heads) = ________



		Prob(3 Heads, or the dime is Tails) = _________



		Prob(1 Head, or the dime is Tails) = _________



4.	The coin tossing experiment may also be simulated on the computer using X(Plore).  The X(Plore) function that is equivalent to the TI82  Rand  is  random.



	Load X(Plore) by following the instructions:



		With the machine already booted and running, insert the program disk into your computer's floppy disk drive (it is assumed in this activity that this will be the  A:  drive).



		If the prompt doesn't show the drive letter  A:, type  A:  and press Enter.



		Type  xpl  and press Enter.  The program should load.







	a.	On the next page is a procedure for simulating  t  trials in which   n  coins are tossed in each trial.  To enter the procedure, press the  F10  function key to show the subroutine window.  The italicized phrases below describe the purpose of each line in the procedure.  Enter the non-italicized lines in the subroutine window.  After you finish, press  F10  again to return to the input window of X(Plore).







�PRIVATE ��			+������������������������X(PLORE) � Prentice Hall 1993�������������������������+

			 F1 Help       F3 Mark Text      F7 Save     F9  Last Graph     sF8 Dir       

			 F2 Printer    F4 Insert Text    F8 Load     F10 Input Window    Insert      

			+���������������������������������Subroutines����������������������������������-------

Name of procedure	procedure cointoss(n,t)                                                       

  and variables

Create a list with		summary=list(0,k=1,t)                                                         

  an entry for each trial

  (initially, 0 for each trial)

Begin a loop counting 	for k=1 to t                                                                  

  the trials

Create a list recording 	 c=list(int(2*random),j=1,n)                                                  

  result for each of the n 

  coins for each trial

Count the number of 	 h=sum(c[j],j=1,n)                                                            

  heads for each trial by 

  summing the coordinates

  of the trial list

Display the results	write('Trial No.:',k,'    Tosses yield:',c,'     No. Heads:',h)             

  of each trial

Store the number of 	summary[k]=h                                                                  

  heads recorded in 

  trial k in the kth

  coordinate of the 

  summary list

End the trial loop	end                                                                           

Tally the frequencies of 	tally=frequencies(summary,�.5,n+.5,n+1)                                       

  0H, 1H,. . . , nH  

  (number of heads) 

  in the summary list

Display the frequencies	write('Distribution of heads: (0 H,1 H,...,',n,'H) =',tally)                  

Begin a loop to calculate	for k=0 to n                                                                  

  each of the probabilities

  of  0H  through  nH

Approximate each proba-	prob=tally[k+1]/t                                                             

  bility (kH  is recorded in

  the (k+1)st coordinate

  of the tally list)

Display each probability	write('Approximate probability of ',k,' heads is ',prob)                                  

End the probability loop	end                                                                           

End the procedure	end                                                                           

	

			+������������������������������������������������������������������������������----------+

�seq User_Box  \* Arabic�
3
�

	b.	Save the subroutine by pressing  F7 , and typing  A:coins.xpl  at the prompt for Filename to save:.  



		Execute the routine to simulate tossing three coins ten times by entering  cointoss(3,10).  Tap the space bar after each message to continue the routine.  Holding the space bar down will cause the routine to continue without stopping.  



		The messages may be printed by pressing  F2  and choosing menu item 1.  Record the frequencies of  0H ,1H, 2H, and 3H for your execution of cointoss:



	c.	Press  F10  to return to the subroutine window.  Edit the procedure by placing  //  in front of the line  write('Trial No.:',k,'    Tosses yield:',c,'     No. Heads:',h).  The  //  causes the procedure not to execute the line.   



		Press  F10  to return to the input window.



		Execute the procedure to simulate tossing  3  coins  20  times,  40  times,  80 times, and  160  times.  Record the frequencies in the table below:



�PRIVATE ��No. Trials�0 Heads�1 Head�2 Heads�3 Heads��20������40������80������160������



	d.	Use 80 trials in the table above to approximate the probabilities of  0 heads,  1  head,   2  heads, and  3  heads.  Compare these to the theoretical probabilities.  State your findings.













�Activity 2:	Probabilities of Unions and Complements of Events



A probability experiment consists of rolling a pair of differently colored dice and noting the result.  (If you do not have differently colored dice, use a highliter to mark one of the dice on each side so that you can distinguish it from the other die.)



1.	Explain how to use an ordered pair to model an outcome of this experiment.











2.	Perform three trials, and record the outcomes using ordered pairs.











3.	How many elements are in the sample space S of equally likely outcomes for this probability experiment?  Explain your reasoning.





















4.	List, in some organized way, the elements of S:

































5.	Let E1 be the event that the first die is a  6,  E2  the event that the sum of the spots is 5, and  E3   the event that the sum of the spots is  8.



	With your three highliters, mark these sets in different colors on the previous page.



	Find the number of elements in each of the sets  E1, E2, E3, E1 c E2,  E1 c E3,  E1 1 E2,  and   E1 1 E3.





		n(E1) = _______	n(E2) = _________	n(E3) = __________	





			n(E1 c E2) = ________		n(E1 c E3) = ________





			n(E1 1 E2) = ________		n(E1 1 E3) = _________





6.	Find the theoretical probabilities:





	Prob(E1) = _________	 	Prob(E2) = ________		Prob (E3) = ________





		Prob(E1 c E2) = _________		Prob(E1 c E3) = ________





		Prob(E1 1 E2) = ________		Prob(E1 1 E3) = _________





7.	Using the above data, discuss any relationship that seems to exist between the probabilities of  two sets  A  and  B  and the probability of their union,  A c B.  What is the connection between this relationship and the cardinal numbers of these three sets?  Explain.





























8.	What is the probability of  S ?  Explain how you obtain your answer.



	  Prob(S) = _________















9.	Find  n(E1N)  and  Prob(E1N).  Explain how you obtain your answers.



		n(E1N) = _________	Prob(E1N) = _________















10.	Using the above, discuss the relationship between the probabilities of an event  A  and its complement  AN.  What is the connection between this relationship and the cardinal numbers of the sets.  Explain.



			

�Activity 3:  Independence of Events 



Two events are described as independent if the occurrence of one does not change the probability of the other's occurrence.  



1.	For example, if a coin is tossed and a number cube is tossed, knowing that the coin lands heads up does not affect the probability of the number cube landing with a prime number up.



	a.	Give a sample space of equally likely outcomes for the probability experiment of tossing a coin and rolling a number cube. List the elements in a rectangular array with two rows.  

			S = {						}



		A simple event is a subset of the sample space  S  that contains exactly one outcome.  What is the probability of each simple event?  	



			Probability of each simple event is _________.



	b.	Let  A  be the event that the coin lands heads up, and let  B  be the event that the number cube lands with the number  3  up.  List the elements of  S  belonging to each of these events, and find their respective probabilities.



		A = {					}	B = {			}



		Prob(A) = ________					Prob(B) = ________



	c.	If the coin is tossed and lands heads up (i.e., it is given that  A  occurs), what outcome(s) in this event correspond(s) to the occurrence of  B?  In terms of the sets  A  and  B, this collection forms what set?







	d.	If the coin lands heads up, the sample space becomes  A .  In this event, what is the probability of  B  occurring given that  A  has occurred (denoted  Prob(B*A))?  Explain how you obtain your answer, and write a definition for  Prob(B*A) in terms of cardinal numbers of sets in which outcomes are equally likely.













	e.	Compare  Prob(B)  and  Prob(B*A).  Are  A  and  B  independent events?  Explain.













	f.	Use your conclusion in (d) to describe a relationship between  Prob(A),  Prob(B*A), and  Prob(A 1 B).  Explain your reasoning.



















2.	A teacher will randomly select a student from the first period class to move the boxes of calculators from the storage cabinet to the front desk at the beginning of class, and a second student to return them to the cabinet at the end of class.  The class consists of 17 girls and 13 boys.  One of the girls, Rachel, would really like to be chosen, but only if her nemesis Austin (a boy who constantly makes faces at her when the teacher is not looking) is not.  The teacher randomly selects the first student from the class.  



	a.	What is the probability that the student is either Austin or Rachel?  (Let  A  be the event the first student is either Austin or Rachel.)









	b.	What is the probability that the student is a boy?  (Let  B  be the event the first student is a boy.)









	c.	Describe the event  A 1 B  in words, and find its probability.















	d.	If the teacher selects the first student and announces that the student is a boy,  what is the probability that the boy is either Austin or Rachel?  (i.e, what is  Prob(A*B)?)











	e.	Are  A  and  B  independent events?  Explain.















3.	In which of the problems 1 and 2 above may only the probabilities of  A  and  B  be used to calculate the probability of  A 1 B?  Explain why or why not in each case.





















4.	A probability experiment consists of tossing two differently colored dice.  Previously, a sample space for this experiment has been modeled by the ordered pairs in the array below:



		(1,1)	(1,2)	(1,3)	(1,4)	(1,5)	(1,6)

		(2,1)	(2,2)	(2,3)	(2,4)	(2,5)	(2,6)

		(3,1)	(3,2)	(3,3)	(3,4)	(3,5)	(3,6)

		(4,1)	(4,2)	(4,3)	(4,4)	(4,5)	(4,6)

		(5,1)	(5,2)	(5,3)	(5,4)	(5,5)	(5,6)

		(6,1)	(6,2)	(6,3)	(6,4)	(6,5)	(6,6)



	Let  		E2  be the event that the sum of the spots is five,

			E3       the event that the sum of the spots is eight,

	and		E4       the event that the first die is even.



	a.	Using different colored highliters, mark each of the events  E2,  E3, and  E4  in the array.



	b.	Intuitively, do you think that  E2  and  E4  are independent events?  E3  and  E4?  Why or why not?













	c.	Use the array on the preceding page to compute the probabilities below:



			P(E2) = _______	P(E3) = _______	P(E4) = _______



			P(E2*E4) = _______		P(E3*E4) = _______



			P(E2 1 E4) = _______		P(E3 1 E4) = _______



			P(E2)CP(E4) = _______		P(E3)CP(E4) = _______



	d.	Use the above probabilities to discuss the independence or dependence of the pair of events  E2  and  E4 ; the pair of events   E3  and  E4.

















5.	If  A  and  B  are independent events, must Prob(A 1 B) = Prob(A)CProb(B) ?  Explain.

















6.	If you know that  A  and  B  are events satisfying  Prob(A)CProb(B) = Prob(A 1 B), must  A  and  B  be independent?  Explain.



















7.	Jimmie, his brother, Jim, and his other brother, James, are planning a two day hike.  The forecaster says the chance of rain on the first day is 30% and remains 30% for the second day.  If "rain on day 1" and "rain on day 2" are two independent events, what is the probability that they get wet on the hike?  



	First, guess: _________________



	One approach to solving this problem is to construct a model that simulates the conditions and for which empirical data may be collected easily.  (It would not be easy to run many trials of the experiment as stated!)  A simulation requires a sample space that has an event with a probability of  .30.



	Let  S = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}.  



	a.	If a probability experiment is to select an element at random from  S ,  what is the probability of the event  R = {0, 1, 2}?







	b.	If the event of rain is designated by  R,  what is the significance of  RN?







	c.	Determining whether it rains on a given day may be simulated by selecting an element from  S.



			It rains if ______________________________ is selected.



			The probability of rain is  30%  since the probability of _______________ is ____________.



	d.	If the hike lasts for two days, a simulation requires the construction of ordered pairs of elements from  S, one for day one and a second for day two.  Use either the TI81 or X(Plore) to simulate fifty two-day hikes by randomly generating pairs of elements from  S.



		(Note: If 0 < Rand < 1, then 0 < 10*Rand < 10. Also, 0 # Int(10*Rand) < 10.)

	



�PRIVATE ��Repetition No.�1�2�3�4�5�6�7�8�9�10��Ordered Pair������������Rain on at least one day (Y/N)������������



�PRIVATE ��Repetition No.�11�12�13�14�15�16�17�18�19�20��Ordered Pair������������Rain on at least one day (Y/N)������������



�PRIVATE ��Repetition No.�21�22�23�24�25�26�27�28�29�30��Ordered Pair������������Rain on at least one day (Y/N)������������

�PRIVATE ��Repetition No.�31�32�33�34�35�36�37�38�39�40��Ordered Pair������������Rain on at least one day (Y/N)������������

�PRIVATE ��Repetition No.�41�42�43�44�45�46�47�48�49�50��Ordered Pair������������Rain on at least one day (Y/N)������������



	e.	From your data above, approximate the probability of at least one rainy day.

	









	f.	Using the concepts of independence and complement, find the following theoretical probabilities.



		i.	If the probability of rain on a day is  .3, then the probability that it will clear on a day is  ________________.

	

		ii.	What is the probability that it rains on day 1 and is clear on day 2?  (Model with events.  Write the symbolic form, and calculate.)









		iii.	What is the probability of rain on day 1 and rain on day 2?













		iv.	What is the probability that it is clear on day 1 and rains on day 2? 













		v.	From these answers, compute the probability of at least one rainy day. 













	g.	What is the probability that it is clear on both days?  How can you use this result to find the probability of at least one rainy day?  Explain, and illustrate.

















8.	Write a story problem not involving weather in which there are two independent events that are of interest, with respective probabilities of  .4  and  .3.  Construct at least two questions that might be asked in your problem.



�
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