	Transformations with Geometer's Sketchpad�PRIVATE ��








	References:	Discovering Geometry: An Inductive Approach, Chapter 7


			NCTM Addenda Series:Geometry in the Middle Grades, Activities 15-19





Review of Prerequisites:





1.	A directed angle ABC is the union of the rays � EMBED Equation.2  ��� and � EMBED Equation.2  ��� where the direction of rotation is from designated to be from � EMBED Equation.2  ��� to � EMBED Equation.2  ���.  � EMBED Equation.2  ��� is called the initial side and � EMBED Equation.2  ��� is called the terminal side.  If the direction of rotation is counterclockwise, the measure of the angle is positive.  If the direction of rotation is clockwise, the measure of the angle is negative.





2.	A vector is a line segment with both magnitude and direction.  The magnitude of the vector is the length of the segment.  One endpoint is designated the initial point and the other the terminal point (as in the vector from the point A to the point B).  The direction is that from initial to terminal point.





3.	A scalar is a real number.





4.	A transformation is a one-to-one correspondence between two sets of points such that





		(1)	each point P on the preimage or domain set has a unique image PN, and





		(2)	each point PN on the image has exactly one corresponding point P on the preimage.





5.	A reflection of a set of points through a line  m  is a transformation of the set such that





		(1)	if P is an element of the set not on the line m   and PN is the unique image of P under the reflection, then m  is the perpendicular bisector of the segment � EMBED Equation.2  ���, or 





		(2)	if P is on the line m  , then P is the image of itself.





	


6.	A translation of a set of points through a given vector is a transformation of the set such that if P' is the image of a point P in the set, the vector from P to P' has the same direction and length as the given vector.





7.	A rotation of a set of points about a fixed point O through a given directed angle is a transformation of the set which assigns each point P of the original set an image P' such that the directed angle POP' is congruent to and in the same direction as the given directed angle.





8.	An isometry between two set of points is a transformation that preserves distance.  That is, the distance between the images of the two points P and Q is the same as the distance between P and Q.





9.	A dilation of a set of points with respect to a center P0 and scaling factor k is a transformation such that





		(1)	the image of  P0  is itself,


		(2)	if P is a point other than P0 and PN is the image of P, then the ratio of the length of  P0P' to that of  P0P is the constant k.





	Note:


		All isometries preserve angle measure, betweenness, collinearity, and distance.





		All dilations preserve angle measure, betweenness, and collinearity.








Objective:	To explore geometric transformations with the Geometer's Sketchpad





Materials:	Geometer's Sketchpad








Instructions for Activities:





	1.	Follow the instructions carefully to perform the transformations





	2.	Think ahead about the transformations as you locate the preimage and the related lines and points.





	3.	Label each point as you locate it.  If your labels get out of alphabetical order, rename the points to agree with those in the instructions.





	4.	In the instructions, the verb "use" means to use a tool from the Tool Box, the verb "select" means to use the pointer tool to click on the object your wish to highlight, and the verb "choose" means to choose a command from the menu.


�
Activity 1:  Reflections with Geometer's Sketchpad





Follow the instructions to reflect a triangle through a line segment. As you proceed, label all points as indicated.





1.	Construct a triangle with vertices labeled A, B, and C.  Construct a line which does not intersect ªABC.  Label the points determining the line D and E. 





	a.	Select Points A, B, and C.  Choose CONSTRUCT, POLYGON INTERIOR.


		Choose DISPLAY, COLOR  and the color of your choice to color the interior of the triangle.





	b.	Select line DE.  Choose TRANSFORM, MARK MIRROR.





		Select ªABC and its interior.  Choose TRANSFORM, REFLECT.  Describe what happens.


























		  Change the color of the interior of the image.





2.	Select segment AB.  Choose CONSTRUCT, POINT ON OBJECT.  The point will be F.





	a.	Select point F.  Choose TRANSFORM, REFLECT to reflect point F.  The image will be F'.





		Select points F and F'.  Choose CONSTRUCT, SEGMENT.





	b.	Construct the point of intersection of segment FF' and line DE.  Label the point  G.  





		Select points F and G.  Choose MEASURE, DISTANCE.


	


		Select points G and F'.  Choose MEASURE, DISTANCE.





		Select angle FGD by selecting the points G, F, and D (be sure to select the vertex second in order).  Choose MEASURE, ANGLE.





		Select these three measures and TABULATE them.











		Select point F and move it to two new positions on AB.  ADD ENTRY to the table for each of these two positions.





		What observations can you make from the results in your table?






































3.	Create a SCRIPT to record the construction.  Name the script REFLECT.





	a.	SAVE as REFLECT.





	b.	PRINT.








4.	Use the sketch to investigate the properties of reflections.





	a.	Change the position of the line DE.  Describe the result.






































	b.	Change the slope of line DE.  Describe the result.





























	c.	Change the shape of the triangle by moving one or more vertices.  Describe the result.



































	d.	Drag the point F along segment AB.  Describe what happens to the measures of segments FG and GF' and angle FGD.  Is this consistent with the table in the sketch?


























	e.	Make some additional measurements to compare lengths of sides and measures of angles in the preimage and the image of the triangle.  Describe the result.



































5.	From your observations, list properties that reflections have with regard to angle measure, betweenness, distance, collinearity.























�
Activity 2:  Translations with Geometer's Sketchpad





Follow the instructions to translate a triangle along a vector.  As you proceed, label all points as indicated.





1.	Construct a triangle with vertices labeled A, B, and C.  Construct and color its interior.  





	Using the compass tool, construct a circle with center D and radius determined by a point E that does not intersect the triangle or its interior. Construct a point on this circle and label it F.  The segment DF will be used to define the translation vector.





	a.	Select points D and F in order.  Choose TRANSFORM, MARK VECTOR "D 6F". 





	b.	Select ªABC and its interior.  Choose TRANSFORM, TRANSLATE.  Choose BY MARKED VECTOR.  The vertices of the image will be labeled  A', B', and C'.  Change the color of the interior of the translated image.





	c.	Select segment AB.  Choose CONSTRUCT, POINT ON OBJECT.  Label the point  G.


	


		Select point G.  Choose TRANSFORM, TRANSLATE.  Choose BY MARKED VECTOR.  The image will be G'.





		Construct the segment with endpoints G and G'.  





		Measure the lengths and slopes of the segments  GG'  and  DF.  Construct a table containing these measurements.


	


		Select point G and move it to two new positions.  ADD ENTRY to the table for each of these position.  Select a vertex of the original triangle and move it around in the sketch.  What do you notice about the length and slope of the segment GG'?









































2.	Create a SCRIPT.  Name the script TRANSLATE.  SAVE as TRANSLATE.  PRINT.





3.	Use the sketch to investigate the properties of translations.





	a.	Change the length of the vector from D to F by moving either of the points D or E to change the radius of the circle.  Describe the results.



































	b.	Change the slope of  the vector from D to F by moving to point F to different locations on the circle.  Describe the result.
































4.	Mark the vector from F to D and translate ªABC.  Describe the result.





























5.	Move point G along segment AB.  Describe the result.  Is the result consistent with the table in the sketch?





























6.	Make some additional measurements to compare lengths of sides and measures of angles in the preimage and the image of the triangle.  Describe the result.



































7.	From your observations, list the properties of translations.



































�
Activity 3:  Rotations with Geometer's Sketchpad





Follow the instructions to rotate a triangle through a directed angle.  As you proceed, label all points as indicated.





1.	Construct a triangle with vertices labeled A, B, and C.  Construct and color its interior.  





	Use the RAY TOOL to construct two rays DE and DF, not intersecting the triangle or its interior.





	Use POINT TOOL to construct point G, not belonging to either of the rays or the triangle or its interior.





	Select points E, D, and F in order.  Choose TRANSFORM, MARK ANGLE to define the angle of rotation.  Notice that the direction is from ray DE to ray DF.





	Select point G.  Choose TRANSFORM, MARK CENTER to define the center of rotation.





	a.	Select ªABC.  Choose TRANSFORM, ROTATE.  Choose BY MARKED ANGLE.  The vertices of the rotated image will be A', B', and C'.  Change the color of the image.  Describe what happens.




















	b.	Select segment AB.  Choose CONSTRUCT, POINT ON OBJECT.  Label the point  H.





		Select the point H.  Choose TRANSFORM, ROTATE.  Choose BY MARKED ANGLE.  The image will be H'.





		Select points G and H in order.  Choose CONSTRUCT, CIRCLE BY CENTER and POINT.  Repeat this process to construct circles centered at G and passing through each of the points  A, B, and C.





		Make all four of the constructed circles dashed lines by selecting them and clicking on Display, Line Style, Dashed.  What do you observe about the circles and the images of A, B, C, and H?

















		


2.	Measure the angles pEDF and pHGH'. 





	a.	TABULATE the measures of the two angles.  Move H to two other locations on segment AB.  Add three corresponding entries to your table.  What do you observe to be true? 























	b.	What would you predict the measure of pCGC' to be?  Why?  Use the Sketchpad to test your prediction.


























	c.	Move the center of rotation G to two other locations in your sketch window. At each location, add an entry to your table.  What do you observe from your table?


























	d.	Change the direction of ray DF.  Add an entry to your table for three new directions.  What do you observe from your table?









































4.	If  W' is the image of any point W in the plane under the rotation about G through the directed angle EDF, how would you describe its location relative to G and W?









































5.	Create  a  SCRIPT.  Name the script ROTATE.  SAVE as ROTATE.  PRINT.





6.	Use the sketch to investigate properties of rotations.





	a.	Do rotations preserve distance?  Explain how to use the Sketchpad to investigate, and do so.  Record your conclusion.





























	b.	Do rotations preserve angle measure?  Explain how to use the Sketchpad to investigate, and do so.  Record your conclusions.





























	c.	Do rotations preserve betweenness? collinearity?  Explain the connection between your conclusions in (a) and (b) and your answers to these questions.


�
Activity 4:  Compositions of Reflections





1.	Construct a triangle and its interior, and two parallel lines, neither of which intersects the triangle.  Reflect the triangle about one of the lines; reflect this image about the second line.  What seems to be the relationship between the image of the second reflection and the original set of points?  Explain how you might use the Sketchpad to test your conjecture, and do so.  What is your final conclusion?










































































2.	Construct a triangle and its interior, and three parallel lines, none of which intersects the triangle.  Reflect the triangle about one of the lines; reflect this image about the second line. Reflect the second image about the third line. What seems to be the relationship between the image of the third reflection and the original set of points?  Explain how you might use the Sketchpad to test your conjecture, and do so.  What is your final conclusion?


�
3.	Construct a triangle and its interior, and two intersecting lines, neither of which intersects the triangle.  Reflect the triangle about one of the lines; reflect this image about the second line.  What seems to be the relationship between the image of the second reflection and the original set of points?  Explain how you might use the Sketchpad to test your conjecture, and do so.  What is your final conclusion?













































































4.	Construct a triangle and its interior; two parallel lines, neither of which intersects the triangle; and a third line which intersects the parallel lines but not the triangle or its interior.  Reflect the triangle about one of the parallel lines; reflect this image about the second parallel line; reflect the second image about the third line.  What seems to be the relationship between the image of the third reflection and the original set of points?  Explain how you might use the Sketchpad to test your conjecture, and do so.  What is your final conclusion?


�
Activity 5:  Dilations with Geometer's Sketchpad





Follow the instructions to dilate a figure by a given scale factor.  As you proceed, label all points as indicated.





1.	Construct a quadrilateral with vertices A, B, C, and D and its interior.





	In the upper left-hand corner of the screen, construct segments EF (also labeled line segment m) and GH (also labeled line segment n)  such that GH is longer than EF.  These relative lengths will determine the scale factor.





	Select segments EF and GH in order.  Choose TRANSFORM, MARK RATIO.  This defines the scaling factor.





	Construct and label point J.  Select point J.  Choose TRANSFORM, MARK CENTER.  This  defines the center of dilation.





	Select figure ABCD and its interior.  Choose TRANSFORM, DILATE, BY MARKED RATIO.  The vertices of the dilated image will be A', B', C', and D'.  Change the color of the image.  Use the labeling tool to label each segment in the original figure and its image.





	Describe the apparent relationship of the image to the original set of points.























2.	Select segments EF and GH in order.  Choose MEASURE, RATIO.


	Select segments A'B' and AB in order.  Choose MEASURE, RATIO.


	Select segments B'C' and BC in order.  Choose MEASURE, RATIO.


	Select segments C'D' and CD in order.  Choose MEASURE, RATIO.


	Select segments D'A' and DA in order.  Choose MEASURE, RATIO.


	TABULATE the measures.





	Move the center of dilation to three other positions, and ADD ENTRY to your table for each location.  What do you observe to be true from your table?





























3.	Change the relative lengths of segments EF and GH twice, and ADD ENTRY to your table for each change.  What do you observe?


























4.	Construct the lines determined by the points A and A'; the points B and B'; the points C and C'; and the points D and D'.





	a.	What do you observe about the lines that you have constructed?























	b.	Change the scaling factor by moving the endpoint H on the segment GH.  Describe what happens to the image as you move H.





























	c.	Move H  so that the image coincides with the original figure.  What is the relationship between  segments EF and GH in this case?









































	d.	In order for the image to be exactly half the size of the original figure, what would the relationship between EF and GH have to be?  Explain.









































	e.	Devise a strategy for finding the location of point H in order for the image to be exactly half the size of the original figure; describe the strategy below; and apply the strategy.  Print the sketch after you finish.





























	f.	What relationship between EF and GH will result in the image being larger in size that the original?
































5.	Describe the relationship between the ratio of corresponding sides and the scale factor.























6.	From your observations, list the properties of dilations.





	a.	Do dilations preserve distance?  Explain.


























	b.	Do dilations preserve angle measure?  Explain how to use the Sketchpad to investigate, and do so.  Record your conclusions.












































	c.	Do dilations preserve betweenness? collinearity?  Explain.
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Transformation
