The Triangle and its Special Lines
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Reference:	Discovering Geometry, An Inductive Approach by Serra, Lesson 2.6 (p. 97), Lesson 3.8 - 3.9 (p. 147),








Review of Prerequisites:





	1.	An acute triangle is one in which all of the associated angles are acute (i.e., have measures less than 90().  A right triangle is a triangle in which one of its associated angles has measure 90(.  An obtuse triangle is one in which one of its associated angles has measure greater than 90(.





	2.	A scalene triangle is one in which no two sides are congruent.  An isosceles triangle is one in which at least two of its sides are congruent.  An equilateral triangle is one in which all three of its sides are congruent.





	3.	A ray that divides an angle so that two congruent angles are formed is called an angle bisector.





	4.	The  perpendicular bisector of a line segment is a line passing through the midpoint of the segment that is perpendicular to the segment.





	5.	A line segment connecting a vertex of a triangle to the midpoint of its opposite side is called a median of the triangle.





	6.	A line segment connecting a vertex of a triangle to its opposite side and that is perpendicular to the opposite side is called an altitude of the triangle.





	7.	Two triangles are similar if and only if there exists a one-to-one correspondence between the triangles such that each pair of corresponding angles is congruent and all ratios of measures of corresponding sides are equal.





Objectives:





	1.	To discover relationships between the medians of a triangle, the angle bisectors of a triangle, the altitudes of a triangle, and the perpendicular bisectors of the sides of a triangle;





	2.	To explore special relationships between the points of concurrence of medians, angle bisectors, altitudes, and perpendicular bisectors of sides for some triangles;





	3.	To apply the discovered relationships.





Materials:  	The Geometer's Sketchpad


�
Activity 1:  The Medians of a Triangle








1.	Construct a triangle using the Sketchpad.  Construct the medians by first constructing the midpoints of the sides and then the segments connecting each vertex to the midpoint of the side opposite that vertex.  Drag one or more vertices of the triangle.  What do you observe about the medians? 









































2.	Construct the point of intersection found in (1).  Select it, and mark it as a center by clicking on Transform, followed by Mark Center.  Select the vertices and sides of the original triangle (holding the shift key down, click on each of the vertices and sides).  Click on Transform, Dilate.  Enter  -0.5 as the ratio for dilation (or scaling).  Click on OK. 





	a.	Describe the transformed image.  How is it related to the original triangle?  What might you use to support your conclusions?


















































�
	b.	What relationships exist between the line segments joining the midpoints of the sides of the original triangle (the midsegments) and the sides of the original triangle?  On what are you basing your conclusions?

































































	c.	Measure the distance between the point of intersection of the medians and each midpoint; measure the length of each median.  Make a table with the ratios of the length of each median to the distance between the point of intersection of the medians and corresponding midpoint.  What do you observe?






























































�
Extension:





Open a new sketch window.  Construct a triangle with vertices labeled A, B, and C.  Construct the medians of the triangle and their point of intersection.  Label the midpoints of the sides D, E, and F; label the point of intersection of the medians G.  Your sketch should be similar to the figure below.





� EMBED Word.Picture.6  ���


	Using the arrow tool, select the vertex labeled A.  Impose a coordinate grid with origin located at A by clicking on Graph, Define Origin.  Click on Graph, Show Grid.  On the menu, check to make sure that the option Snap to Grid has a check mark (() next to it (if not, click on Snap to Grid to select the option).





Drag  B  to the point on the horizontal axis with coordinates (8,0).  Drag C to grid point (6,4).  Using the arrow tool and depressing the shift key, select the points A, B, C, D, E, F, and G. Click on Measure, Coordinates to write the coordinates of these points on the screen.  Using the arrow tool, drag each pair of coordinate labels to a location near the corresponding point.





1.	Complete the following table, dragging the points B and C to new locations as required.


	


Coordinates of point B�
Coordinates of point C�
Coordinates of point E�
�
(8,0)�
(6,4)�
�
�
(8,2)�
(6,4)�
�
�
(8,-3)�
(6,4)�
�
�
(8,2)�
(4,4)�
�
�
(8,2)�
(4,8)�
�
�
(10,0)�
(6,4)�
�
�



	What do you observe to be true about the relationship between the coordinates of the midpoint E and the coordinates of the endpoints B and C?  Do you think that this relationship is always true ?  Explain why or why not.















































2.	If they are not already there, drag B to the location with coordinates (10,0)  and C to the location with coordinates (6,4).  Write equations for the lines to which each of the medians belong.









































3.	Using the equations that you found in (2), show algebraically that the medians are concurrent, and find the coordinates of the common point of intersection, G.









































4.	Verify algebraically your conclusion about the ratio of the length of each median to the distance between the point of intersection of the medians and corresponding midpoint for this triangle.
































�
5.	How would you generalize what you have accomplished in questions 1 - 4  in order to verify that your conclusions are valid for any triangle?





�
Activity 2:  The Angle Bisectors of a Triangle





1.	Construct a triangle and its angle bisectors.  (For each angle, select the three vertices of the triangle with the angle's vertex the second point selected.  Click on Construct, Angle Bisector.)  Drag one or more vertices of the triangle. What do you observe?




















2.	Construct the point of intersection of two of the angle bisectors.  Find its distance from each of the sides of the triangle (i.e., the length of the perpendicular segment connecting the point to each side).  Put these measurements in a table.  Move one vertex of the triangle to different locations.  Add three entries to your table.  What do you observe?  What is the significance of your observation?















































3.	Write two conjectures which you might formulate on the basis of your observations above.









































�
4.	Label the point of intersection of the angle bisectors "incenter."  Hide the angle bisectors. (Holding the shift key down, click on each.  Click on Display, Hide Rays.)  Construct the point of intersection of the medians (and hide the medians).  Label this point "centroid."  Using the Sketchpad,  determine in what types of triangles the incenter and the centroid coincide.  Below, write your strategy for investigating this, and record your discovery.






























































�
Activity 3:  The Altitudes of a Triangle





1.	Construct a triangle and its altitudes. (To construct an altitude, select a side and the opposite vertex.  Click on Construct, Perpendicular Line.)  Drag a vertex to several different locations.  What do you observe?


























2.	Construct the point of intersection of two altitudes.  In what types of triangles will this point belong to the interior of the triangle?  the exterior of the triangle? the triangle itself? Why do you think your conclusions are valid?




































































3.	Find any pairs of similar triangles which will be created in each of the cases referred to in (2).























�
4.	Label the intersection of two altitudes "orthocenter."  Construct the incenter and centroid of this triangle.  Hide everything except the triangle and its orthocenter, incenter, and centroid.    Determine in what types of triangles these three points are collinear.  Explain how you reach your conclusions.










































































5.	In what types of triangles do the orthocenter, centroid, and incenter coincide?  Make a sketch; explain why your conjecture must be true.
























































�
Extension:





1.	Open a new sketch window.  Construct a triangle with vertices labeled A, B, and C.  Construct and label the centroid, incenter, and orthocenter for the triangle.  Construct the line determined by the centroid and the orthocenter.





�


Using the arrow tool, select the vertex labeled A. Impose a coordinate grid with origin located at A by clicking on Graph, Define Origin.  Click on Graph, Show Grid.  On the menu, check to make sure that the option Snap to Grid has a check mark (() next to it (if not, click on Snap to Grid to select the option).





Using the arrow tool and depressing the shift key, select the points A, B, C, the centroid, incenter, and orthocenter. 





Click on Measure, Coordinates to write the coordinates of these points on the screen.  Drag  B  to the point on the horizontal axis with coordinates (9,0).  Drag C to grid point (6,6).





2.	Given the coordinates of the centroid and the orthocenter, write the equation that describes the line determined by these two points.  Explain how you would use this equation to determine whether are not the centroid, orthocenter, and incenter are collinear.  Are they collinear for this triangle?












































�
3.	If a coordinate system is imposed on the plane such that for a given triangle with vertices A, B, and C,  the vertex  A  is located at the origin, vertex  B  has coordinates  (p,0), and vertex  C  has coordinates  (c,d), explain how you would find in terms of  p, c, and d   the





	a.	coordinates of the orthocenter






































	b.	coordinates of the centroid









































	c.	coordinates of the incenter



































�
4.	Explain how you would use the results of what you discussed in question 3  to determine conditions under which the centroid, incenter, and orthocenter are collinear.





�
Activity 4:  The Perpendicular Bisectors of the Sides of a Triangle





1.	Construct a triangle and the perpendicular bisectors of each of its sides.  (Select a side; click on Construct, Point At Midpoint; select the side and the constructed midpoint; click on Construct, Perpendicular Line.)  Drag one of the vertices to various locations.  What do you observe?
































2.	Construct the point of intersection of two of the perpendicular bisectors.  Measure the distance between this point and each of the vertices.  Make a table containing these measurements.  Move a vertex to other locations, and add three additional entries to your table.  What do you observe?  Why do you think this is true?  What is the significance of your observation?
















































































3.	In what types of triangles is the point of intersection of the perpendicular bisectors of the sides in the exterior of the triangle?  the interior?  on the triangle?









































4.	Label the point of intersection of the perpendicular bisectors "circumcenter."  Construct and label the incenter, orthocenter, and centroid.  Hide all lines and points except these points and the original triangle. 





	a.	In what types of triangles will these four points be collinear?


























	b.	Which three points are always collinear?


























	c.	In what types of triangles will all four points coincide?





�
Activity 5:  Related Problems





1.	Describe how to trisect a given line segment.  Illustrate the construction using the Sketchpad.  List the steps in your construction.










































































2.	Given a triangle, describe how to inscribe a circle (i.e., draw a circle such that each side of the triangle is tangent to the circle).  Illustrate the construction using the Sketchpad.  List the steps in your construction.















































�
3.	Given a triangle, describe how to circumscribe a circle (i.e., draw a circle which intersects the triangle in exactly the vertices).  Illustrate the construction using the Sketchpad.  List the steps in your construction.



























































4.	The county plans to build a new school to meet the needs created by three new subdivisions in the northeast portion of the county.  It wishes to locate the school at a point which is an equal distance from  each of the three subdivisions.  As the county administrator, you have been asked to assist in finding such a location.  How would you begin?  What problems might you encounter in fulfilling the wish?






























































�
5.	A city plans to develop a park on a parcel of land bordered by three straight, intersecting (but not concurrent) city streets.  It wishes to erect a bandstand at a point on the property that is an equal distance from each of the streets.  How might the city planner decide where to build the bandstand?
















































































6.	Open a new sketch.  Use the compass tool to construct a circle; construct a point on the circle by selecting the circle, and clicking on Construct, Point on Object.  Construct a triangle having as one vertex the constructed point on the circle.  Construct a median and a point on the median; label this point C.  Select C, and click on Display, Trace Locus.  Animate the motion of the vertex of the triangle that lies on the circle around the circle (select the vertex and circle; click on Display, Animate, Animate).   





	a.	 What path is traced by C? 





























	b.	Investigate the path for several points on the median.  Print a sketch with the paths of several points traced.  What do you observe?  What questions might you propose
