The Pythagorean Theorem








Review of Prerequisites:





	1.	Right triangle





	A right triangle is a triangle in which one of the associated angles is a right angle (or one in which two sides lie on perpendicular lines).





	2.	Legs of a right triangle





		The legs of a right triangle are the sides that lie on perpendicular lines.





	3.	Hypotenuse of a right triangle





		The hypotenuse of a right triangle is the longest side; it is the side that is opposite the right angle.








Objective:	To discover linear and area relationships associated with the sides of a right triangle.








Materials:	Grid paper 


			Transparency with finer mesh grid than the grid paper 


		Geometer’s Sketchpad


�
Activity 1:  Grid Squares and the Pythagorean Theorem





1.	On a piece of grid paper, construct a right triangle. Use the mira and the triman compass to construct a square on each leg of the triangle, and on the hypotenuse of the triangle. (The edge of each square should be congruent to the corresponding side of the triangle.) Describe how you used the mira and the triman to construct these three squares.





























2.	Estimate and record the area of each square by counting the grid squares that cover its interior.  (Use as your unit square one of the grid squares.)  How can you account for the “pieces?” How could the estimation be more accurate?















































3.	Estimate the areas using the grid transparency. Describe any relationship among the areas of the squares that you see.


�
Activity 2:





1.	Construct a right triangle as follows: 





		Construct a vertical line (select the line tool, hold the shift key down while depressing the left button and dragging the mouse in a vertical direction in the sketch window).  Hide the points that determine the line.





		Construct a point not on the line. 





		Construct the line perpendicular to the first through this point.  Hide the point.





		Construct a point on the original line, a point on the perpendicular line, and the point of intersection. Hide the lines.





		Select these three points and construct the three segments they define.





		Make a script of this construction and name it righttri.gss.





	Why is the constructed figure necessarily a right triangle?

















2.	Label the vertices A, B, and C, starting with the right angle and moving in a counterclockwise direction.





	Double click on A. 	This defines the point A as the center.





	Select segment AB , insuring that both of the endpoints  A  and  B  are selected. 





	Click on  Transform, Rotate. In the dialog box, specify a rotation angle of -90 degrees, and click on OK. 	This rotates the selected figure through an angle of  90(  in the clockwise direction.





	Double click on the new point to redefine the center of rotation. (click nowhere else!), and rotate the new objects as before. 





	Double click on the new (unconnected) point, and rotate these new objects as before. This should "close up" the figure. Why must it be a square?

















3.	Construct the interior of this square by selecting the vertices in a counterclockwise order, and clicking on Construct, Polygon Interior.  Color it by selecting it and clicking on Display, Color and selecting a color from the displayed palette. 





	Repeat the process for the other two sides. (You may use the Transform menu to select the initial center of rotation for a given side.) When you have finished, select the three interiors and measure their areas. Add the areas of the two smaller squares. What do you notice?

















4.	Create a table of your results. Drag vertex C to change the size of the triangle. What happens to the area measurements? Tabulate several changes (dragging both B and C). What seems to be true in general?

















5.	Open a new sketch, and construct a right triangle as before (use your script). Construct the midpoint of each side. 





	a.	Select the midpoint of the hypotenuse, and then one of its associated vertices. Use Circle by center and point to construct a circle centered at this midpoint. What is the diameter of the circle? 











	b.	Select the circle and the two vertices it intersects in counterclockwise order on the arc in the exterior of the triangle. Construct the exterior arc by clicking on Construct, Arc on Circle.  Hide the circle. (What happens if the order of selection is reversed?) What particular kind of arc is this? Why?





























	c.	Repeat this process using the other two midpoints. Select each arc and construct the arc sector interior. When you have finished, select the three interiors and measure their areas. Add the areas of the two smaller interiors. What do you notice?








	d.	Create a table of your results. Drag vertex C to change the size of the triangle. What happens to the area measurements? Tabulate several changes (dragging both B and C). What seems to be true in general?























6.	Open a new sketch, and construct a right triangle as before. Label the vertices and construct four points off the hypotenuse similar to the construction below. Select the upper vertex C, the four points, and the lower vertex B in counterclockwise order. Construct the connecting segments. Construct and color the interior region. What is the resulting figure called?




















7.	Select side AC and side BC in that order. Mark their ratio under the Transform menu. Double click on point C. Select the interior, then dilate using this ratio as the scale factor. Color the dilation so it can be distinguished from the original. How is the dilation related to the original?























8.	Double click on side BC (the hypotenuse). Select the dilated region and reflect it. Click on points B, C, and A, in that order. Mark the angle under the Transform menu. Select the dilated region and rotate. Where is the new region? Why?























�
9.	Hide the intermediate dilated regions. Select side AB and side BC in that order. Mark their ratio under the Transform menu. Select the interior of the original polygon, then dilate using this ratio as the scale factor. Color the dilation so it can be distinguished from the original. How is the dilation related to the original?























10.	Click on side BC (the hypotenuse) and mark it as the mirror under the Transform menu. Select the dilated region and reflect it. Click on points C, B, and A, in that order. Mark the angle under the Transform menu. Select the dilated region and rotate. Where is the new region. Why?























11.	Hide the intermediate dilated regions. Click on each remaining region and measure the three areas. Add the areas of the two smaller regions. What do you notice?

















12.	Create a table of your results. Drag vertex C to change the size of the triangle. What happens to the area measurements? Tabulate several changes (dragging both B and C).   Tabulate several more changes dragging vertices of the polygon constructed on the hypotenuse that do not belong to the triangle.  What conjecture might you make on the basis of your observations? Is 
