Tessellating the Plane


�PRIVATE ��


Reference:  Discovering Geometry:  An Inductive Approach by Michael Serra,  pp. 316 - 340.





Review of Prerequisites:





	1.	A polygon is a closed figure that does not intersect itself and is formed by a finite number of line segments.  





		The endpoints of the segments are called the vertices of the polygon; the segments are called the sides of the polygon.  





		Vertices belonging to the same side of a polygon are called adjacent vertices.





	2.	An interior angle of a polygon is an angle that has as its vertex a vertex of the polygon, sides (rays) determined by the sides of the polygon intersecting at that vertex, and an interior that intersects the interior of the polygon.





		The sum of the measures of the interior angles in a triangle is 180E.





	3.	An exterior angle of a polygon is an angle that has as its vertex a vertex of the polygon, sides (rays) determined by the sides of the polygon intersecting at that vertex where one side has been extended, and an interior that does not intersect the interior of the polygon.





	3.	A diagonal of a polygon is a line segment connecting two nonadjacent vertices.





	4.	A tessellation, or tiling, of the plane is a drawing in which the plane is covered with non-overlapping, congruent copies of a figure.














Objectives:





	1.	To  develop an understanding of those regular polygons that can tessellate a plane by themselves;





	2.	To investigate tessellations by other figures than regular polygons.





	


Materials:





	1.	Geometer’s Sketchpad





	2.	Colored paper and scissors





	3.	Laminated polygonal shapes


�
Activity 1:   Regular Tessellations








1.	For each of the polygons in the figure below, choose a vertex, and draw all diagonals of the polygon that have the selected vertex as an endpoint.  Complete the table that follows.
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	Notice that each angle of the triangles that are formed by the diagonals is part of an angle of the polygon, and that the measure of each angle of the polygon may be expressed as a sum of measures of angles belonging to the formed triangles.


�PRIVATE ��Number of sides in polygon:�
Number of diagonals from one vertex:�
Number of triangles formed:�
Sum of measures of the interior angles of the polygon:�
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2. 	If a polygon has  n  sides, how many diagonals extend from each vertex?  














	How many triangles are formed?














	What is the sum of the measures of the interior angles of a polygon with  n  sides?  Explain how you reach your conclusion.
































3.	What is the measure of each interior angle in a regular polygon with  n  sides?  each exterior angle?   Explain.











4.	Use your conclusion in  (3)  to complete the table below:
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5.	In the tessellation of squares below, select a square not on the border of the region and color it.   
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	How many angles with non-overlapping interiors share each vertex?   _________





	What is the measure of each of these angles?  			_________________





	Discuss the significance of the product of these two numbers.




















6.	Repeat (5) using the tessellation of hexagons below.
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	How many angles with non-overlapping interiors share each vertex?   _________





	What is the measure of each of these angles?  			_________________





	Discuss the significance of the product of these two numbers.
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7.	Based on your answers to (5) and (6) above and your knowledge of angle measures of regular polygons, what regular polygons can be used to tile the plane?  Explain your answer.





























8.	The plane can be tessellated using equilateral triangles by replicating the row of triangles below (without the shading).  By following the directions, use the Geometer’s Sketchpad to produce the row and to cover the plane.
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	a.	Construct an equilateral triangle as demonstrated in the figure below.
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		Hide the circles.  Reflect the triangle about the line through  B  and  C  to construct the “generating” figure for the tessellation.





	b.	Mark the vector from  A  to  B.  Select the “generating” figure and translate by marked vector.  Repeat the translation a sufficient number of times to construct a row of ten of the figures.





	c.	Mark the vector from  C  to  A.  Select the row constructed in (b).  Translate by the marked vector.  Repeat the translation a sufficient number of times to construct 6 rows.  Print your tessellation.





9.	Develop a plan to tile the plane with regular hexagons using Sketchpad.  Implement your plan, and attach a printout of a tiled region containing 6 rows of 6 hexagons each.








�
Activity 2:  Other Tessellations





 1.	The plane may be tessellated using figures that are not regular polygons.  For example in the sketch below, the figure consisting of the union of a regular octagon and a square (see the shaded area) may be used to tessellate the plane.
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	a.	What is the measure of each angle in a square? 


										____________








		What is the measure of each angle in a regular octagon?


										____________








	b.	In the above sketch, how do the measures of an edge of the square and an edge of the regular octagon compare?











	c.	Select a vertex of the tessellating figure that is not on the border of the sketch.  Describe the angles with non-overlapping interiors that share this vertex?  What are their measures?  Why is the last question significant?


























2.	Use Sketchpad to tessellate the plane using the figure below.  Make a script, and attach printouts of the script and the tessellated plane.
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3.	Find three other figures that tessellate the plane and that may be constructed by joining two or more regular polygonal shapes.  Use a set of laminated polygonal shapes to experiment.  Sketch each figure that you find, and explain mathematically why the figure can be used to tile the plane.   Use Sketchpad to do the tessellation, and attach a printout.





	a.	Sketch:					Explanation:
































	b.	Sketch:					Explanation:
































	c.	Sketch:					Explanation:






































4.	Can any triangle be used to tessellate the plane?  Use scissors and paper to experiment.   Describe how you decide on your answer, and explain why your answer must be true.












































5.	Can any quadrilateral be used to tessellate the plane?  Use scissors and paper to experiment.   Describe how you decide on your answer, and explain why your answer must be true.
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