Exploring the Geometry of Quadrilaterals
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Reference:	Discovering Geometry, An Inductive Approach by Serra, Lesson 2.7 (pp. 101-103), Lessons 4.8 - 4.11 (pp. 192-204)





Review of Prerequisites:



	1.	Quadrilateral, the interior and exterior of a quadrilateral



		A quadrilateral is a polygon with four sides (i.e., a simple closed curve in a plane that is the union of four line segments).  Its interior is the intersection of the interiors of its associated angles.  Its exterior consists of those points in the plane that do not belong to the quadrilateral nor to its interior.



	2.	Types of quadrilaterals: trapezium, trapezoid, parallelogram, kite, rhombus, rectangle, square



		A trapezium is a quadrilateral in which no two sides are on parallel lines.  A trapezoid is a quadrilateral in which exactly one pair of opposite sides lie on parallel lines.  A parallelogram is a quadrilateral in which both pairs of opposite sides lie on parallel lines.  



		A kite is a quadrilateral in which there are two pairs of congruent adjacent sides.  A rhombus is a quadrilateral in which all four sides are congruent.  



		A rectangle is a quadrilateral in which all four angles are congruent.  



		A square is a quadrilateral in which all four sides are congruent, and all four angles are congruent.



	3.	Midsegment of a trapezoid



		A midsegment of a trapezoid is a line segment which has as endpoints midpoints of the non-parallel sides of the trapezoid.



	4.	Diagonals of a quadrilateral



		A  diagonal of a quadrilateral is a line segment which has as endpoints nonadjacent vertices of the quadrilateral.



	5.	Angle bisector



		An angle bisector is a ray with endpoint the vertex of the angle and passing through the interior of the angle so that two congruent angles are formed with the rays of the original angle.

	

	6.	Similarity of geometric figures



		Two geometric figures are similar if and only if their elements can be placed into a one-to-one correspondence such that ratios of distances between points in one figure to distances between corresponding points in the other figure are constant.  The constant is called the scaling factor.  Intuitively, two sets are similar if they have exactly the same shape, but not necessarily the same size.





	7.	Convex quadrilateral



		A quadrilateral is convex if and only if every line segment with endpoints in the interior of the quadrilateral is contained in the interior.





Objectives:



	1.	To develop an understanding of necessary and sufficient conditions for two quadrilaterals to be similar;



	2.	To discover the special relationship which exists between the segments connecting the midpoints of adjacent sides of a quadrilateral;



	3.	To investigate special relationships which exist for kites.





Materials:



	1.	Geometer's Sketchpad



	2.	Triman compass

�Activity 1:  Similarity of Quadrilaterals





1.	Using the Geometer’s Sketchpad, construct a quadrilateral by constructing four points while holding the shift key down, and then clicking the left mouse button on Construct, Segment.  Construct another point in the exterior of the quadrilateral.  Using this point as the center of scaling, dilate the constructed quadrilateral using a fixed ratio of 1/3.



	a.	Measure each of the sides of the original quadrilateral and its dilated image.  Calculate the ratios of corresponding sides.  Use the mouse to drag one or more vertices of the original quadrilateral.  What do you observe about the ratios?  What is the connection with the fixed ratio?



































	b.	Measure each of the angles of the original quadrilateral and its dilated image.  Use the mouse to drag one or more vertices of the original quadrilateral.  What do you observe about the measures of the corresponding angles?  































	c.	What is the geometric relationship between the original quadrilateral and its image? What must be true about two quadrilaterals in order for them to have this relationship?































2.	Construct a quadrilateral.  Explain how to use the Sketchpad to construct a quadrilateral similar to the one you have constructed which is 3 times the size.  Do so.



























�3.	Write a plan for using a compass and straightedge to construct a quadrilateral similar to the one below that has sides that are in ratio 1/2 to the corresponding sides below.  Carry out your construction in the space provided.
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�Activity 2:  Segments Connecting Midpoints of Adjacent Sides of a Quadrilateral





1.	Construct as large a convex quadrilateral as possible and the segments connecting the midpoints of adjacent sides.  (The quick way to do this is to select all four sides; click on Construct, Point at Midpoint, Construct, Segment.) 



	a.	What type of quadrilateral is formed by these segments?  How did you make this determination?

































	b.	Construct the diagonals of the original quadrilateral.  What relationships exist between the diagonals and the sides of the quadrilateral formed by the segments connecting midpoints of adjacent sides?  (Consider both size and orientation.)  Explain why these exist using the geometry of triangles.



























�	c.	Measure the angles of intersection of the diagonals of the original quadrilateral.  Is there a relationship between these angles and the angles of the quadrilateral formed by the segments connecting midpoints of adjacent sides?  If so, describe the relationship.





























	d.	Construct the diagonals of the quadrilateral formed by the segments connecting midpoints of adjacent sides.  What type of quadrilateral must the original be in order for these to coincide with the diagonals of the original quadrilateral?















2.	If the original quadrilateral is a rhombus, what type of quadrilateral is formed by the segments connecting the midpoints of adjacent sides?  If the original is an isosceles trapezoid?















�3.	Construct the segments connecting midpoints of adjacent sides of the inside quadrilateral.  Continue constructing these segments until there are six quadrilaterals nested inside of the original quadrilateral.  



	a.	Describe any relationships you see between the quadrilaterals in the constructed sequence.





















	b.	If the sequence is continued without stopping, what happens?

























�Activity 3:  Special Quadrilaterals - Kites and Cyclic Quadrilaterals  





1.	Construct a kite and its diagonals.  Select one of the endpoints of the longer diagonal.  Move the point along the line which is determined by the longer diagonal.  



	a.	Describe what happens to the kite.





















	b.	Does anything different happen if you move the other endpoint?  If so, describe what happens.























	c.	If moving the endpoint never changed the kite into a square, could you modify the original kite so that it was?  If yes, show how.  If no, explain why.































2.	Open a new sketch.  Construct a quadrilateral and its angle bisectors.  Determine the types of quadrilaterals in which the angle bisectors are concurrent.  Explain how you reached your conclusion.





























3.	Open a new sketch.  Use the point tool to construct three distinct, non-collinear points.  



	a.	Write a plan below for using the Sketchpad to select a fourth point so that the four points are on a circle.  Implement your plan. (Hide everything constructed except the points and the constructed circle.)









































�	b.	Construct the quadrilateral having the four points in (a) as its vertices.   A quadrilateral having its vertices on a circle is called a cyclic quadrilateral. Measure the four angles of the quadrilateral.  (To measure an angle, select a point on one side, the vertex, and a point on the other side making sure the vertex is selected second, click on Measure, Angle.)  



		 i.	Make a table containing the measures of the angles.



		ii.	Move one of the vertices of the quadrilateral to other locations around a circle to which they all belong.  Add three more entries to the table constructed above.  What relationship exists between the angles of a cyclic quadrilateral?















	c.	Delete the angle measurements. (Highlight by clicking on each with the arrow tool while holding down the shift key; press Delete on the keyboard.)  Hide the line segments to the fourth point.  Construct a point off the circle and complete the quadrilateral using this new point and the original three points as vertices.  Measure the angles; construct a table; move the fourth point to new locations and add three entries to your table.  What do you observe about the angles?











































4.	Open a new sketch.  Use the point tool to construct four distinct points, no three of which are collinear.  Write a plan for determining whether the quadrilateral having the four points as vertices is cyclic.
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