Solving Quadratic Equations





Review of Prerequisites:



1.	Quadratic equation



A  quadratic equation in the variable x  is an equation which can be written in the form   ax2 + bx + c = 0  where  a,b,c Î 
R
  and  a ¹ 0 .  A solution of a quad�ratic equa�tion is called a  root (or zero)  of the equation.  The solutions of this quadratic equation are given by the quadratic formula:  

	�EMBED Equation���



2.	Complex number



A  complex number  is a number which can be expressed in the form  a + bi  where  a,b Î 
R
  and  i  is defined to be �EMBED Equation��� .



3.	Discriminant of a quadratic equation



The  discriminant  of the quadratic equation  ax2 + bx + c = 0  is the quan�tity      b2 - 4ac  (where  a,b,c Î 
R
).  If the discriminant is negative, there are two distinct complex roots with nonzero imaginary parts.  If the discriminant is zero, there is only one distinct real root.  If the dis�criminant is positive, there are two distinct real roots.



4.	Irrational number



An  irrational number  is a real number which cannot be expressed as the ratio of two integers.  Its decimal representation is non-terminating and non-repeating.





Objectives:



1.	To demonstrate techniques of solving quadratic equations using algebra� tiles;

2.	To model real solu�tions to quad�ratic equa�tions grap�hi�cal�ly;

3.	To explore relationships between the roots of a quadratic equation;

4.	To examine reflections of a quadratic function about the line  y = x.

�Activity 1:	Solving Quadratic Equations by Factoring



Materials:	Algebra tiles



Use algebra tiles to model and solve the following equa�tions.  In each case, s�ketch the a�r�range�ment of tiles and write the corresponding equation for each step as illustrated in the example.



Example:
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1.	x2 = 4



































2.	x2 = x + 2













































�3.	2x2 + 3x = 2















































4.	Discuss the error in thinking in the following:



  "If   (x - 3)(x + 4) =15,  then  x - 3 = 15  or  x + 4 = 15."



























5.	What underlying arithmetic or algebraic principle have you been using to justify solving quad�ratic equa�tions by factoring?











6.	Use Maple V  to graph each of the quadratic polynomials in the table below.  From the graph, estimate the zero(s).  

Define the function by typing		f:=x->x^2-x;		where the expression de�fining the quadratic is used in place of x2 - x


Graph
 the function by entering	plot(f);



Zoom in on the area you wish by specifying the domain to plot with an entered command such as		plot(f(x),x=-1..2);



You will need to zoom in order to approximate the zero(s).

 

Use Maple V  to find the zero(s) of a defined function by entering	

solve(f(x)=0); 



Factor each polynomial by entering

factor(f(x));



Record the results in each case listed in the table .





Polynomial�

Estimate of Zero(s�)�

Zero(s) found using Maple V�

Complete factorization��
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7.	What relationship do you see between the zeros (roots to the corresponding quad�ratic equa�tion) and the factorization?













8.	Using the relationship described in (7), write a factored quadratic equa�tion for each set of  roots in the table below.   Expand each quadratic equation. 





Distinct root(s)�

Quadratic equation��

  -1 , 3�

��

   0 , 2�

��
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9.	Write a quadratic equation with roots   r1   and   r2  first in factored, then ex�panded form.













10.	A contractor is constructing a utility shed to store excess building supplies.  She has vinyl siding to cover a building of standard height and perimeter 100¢ which can be used for this purpose.  In addition, she can afford to have 200 cubic feet of concrete poured for a  6" slab for the floor of the building.  



a.	If the shed is rec�tan�gular in shape and of stan�dard heigh�t, what di�men�sions would use all of the siding and concrete?


























�
b.	Is the shape found in (a) feasible for a contractor's storage shed?  What consider�ations would affect its feasibility?



















c.  	How would your answers to the preceding questions change if the con�tractor tries to pour a 4" slab instead of a 6" slab?

�

Activity 2:  Completing the Square



1.	Model each of the quadratic polynomials below with algebra tiles.  Find the con�stant which must be added to the ex�pression in order to make it equal to the square of a linear binomial.  Sketch the arrangement of tiles in each ex�ample.  Use your conclusion to rewr�ite the given quadratic function in the form             (x - h)2 + k.



Ex�am�ple:	x2 + 4x	
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To com�plete the square,  4  unit tiles are required as indicated in the fi�gure below.  Notice that the  4 unit tiles must be accompanied by  4 negative unit tiles in order to preserve the original value of the expression:
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The unshaded region represents   x2 + 4x + 4 = (x + 2)2, the square of a binomial.

So,   x2 + 4x + 4 = (x + 2)2 - 4



a.	x2 + 6x






























b.	x2  + 2x

































c.	x2 + 8x + 11































2.	In general, what would be added to the quadratic polynomial  x2 + bx  in order to obtain the square of a linear function?  Explain why your conclusion is valid using both a picture of an algebra tile model and your knowledge of the algebra of squar�ing a binomi�al.  Use your conclusion to write  y = x2 + bx  in the form y = (x - h)2 + k.





















3.	Develop and write (explain) a plan for writing the quadratic polynomial   y = 2x2 + 8x  in an equivalent form of  y = a(x - h)2 + k  using what was learned in (1) and (2) above.  Execute the plan.



















































4.	Use your conclusion in (3) to solve the quadratic equation  2x2 + 8x = 5 .





































5.	Apply the above strategy to solve the quadratic equation  2x2 - 3x + 1 = 0 .

































6.	Apply the strategy of the preceding two problems to the general quadratic equa�tion  



	
 y = ax2 + bx + c  (a ¹ 0)  and derive the quadratic formula.  Be sure to include the appropriate conditions for the cases of no real roots, one distinct real root, and two distinct real roots.
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7.	An architect has been commissioned by a client to design a building in the style of the Parthenon.  The client, interested in early Greek architecture, is par�ticularly interested in having the front of the building be in the shape of a golden rectan�g�le as was the facade of the Parthenon.  A golden rectangle is a rectangle in which the sides are in the ratio �EMBED Equation
�
�
�
.
  If the area of the front of the building is to be  2500 square feet, what must the dimensions be?  Solve in radical form, and also give decimal approximations to your answers.

�

Activity 3:  Graphical Representations of Quadratic Equations





1.	Consider the quadratic equation  
�
 
EMBED 
Equation 
 
�
�
�
.  Use the TI8
2
 calculator to graph the functions  y1 =  3x2 - 4x  and  y2 = x + 8  on the same set of axes.  Set the  RANGE  to  
  
-10 £ 
x
 £ 10  and  -5 £ 
y
 £ 15 .



a.	Discuss the significance of the point(s) of intersection of the two graphs in relation to the original equation.














b.	Use the calculator's  TRACE  key and arrow keys to approximate the solutions to the equation.














c.	Find the exact solutions to the equation by solving algebraically.


























2.	Repeat (1) for the equation
  
�
 
EMBED 
Equation 
 
�
�
�
.  Use the TI8
2
 calculator to graph on the same set of axes.



a.	Discuss the significance of the point(s) of intersection of the two graphs in relation to the original equation.












b.	Use the calculator's  TRACE  key and arrow keys to approximate the solutions to the equation.

















c.	Find the exact solutions to the equation by solving algebraically.



























3.	Describe the possible types of intersections of sets in the plane which can model a quadratic equation.  Will a quad�ratic equation always have at least one solution in the set of real num�bers?  Explain.










































4.	How many real numbers can be solutions to a given quadratic equation?  Explain the possibilities using graphs.







































5.	A contractor is constructing a utility shed to store excess building supplies.  She has vinyl siding to cover a building of standard height and perimeter 100¢ which can be used for this purpose.   She has decided to use wood shavings as a ground covering to provide the floor for the building.



a.	Write a function which gives the available square footage in terms of one of its linear dimensions if the building is built in a rectangular shape.  What is the maximum floor space which can be attained?  Relate your answer to the graph of the function.






































b.	Can a larger floor space be realized by changing the shape of the build�ing?  Discuss why or why not.



�

Activity 4:  Relationships between the Roots of a Quadratic Equation



1.	Use
 
 
Maple V 
 to complete the table below, finding for each of the quadratic equa�tions their roots in the set of complex numbers, the sum of the roots, and the product of the roots.  Write each equation in the form
  
�
 
EMBED 
Equation 
 
�
�
�
.




In
 order to find the roots
 for the first equation
 using 
Maple V
, 
 
use the following commands.  Edit the equation in the 
solve
 statement to find
 the roots of the remaining equations.



solve(4*x^2=4*x+1,x);
	
Returns the exact solutions to the equation.



r1:="[1];
		
Assigns the first solution to the variable r1.



r2:=""[2];
		
Assigns the second solution to r2.



r1+r2;
		
Computes the sum of the roots.



r1*r2;
		
Computes the 
product of the roots.



expand(");
		
Simplifies the product compute above.
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2.	Study the table in (1).  Describe any relationship you see between the coeffi�cients of a quadratic equation and the sum of its roots.






















�
3.	Study the table in (1).  Describe any relationship you see between the coeffi�cients of a quadratic equation and the product of its roots.















4.	Use the quadratic formula to verify that the relationships you describe in (2) and (3) are true in general.
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Activity 5:  Reflection of a Quadratic Function about  y = x





1.	Let  S = {(0,1) , (1,2) , (1,3) , (2,3) , (2,4) , (3,3)}.  




a.	Mark the points corresponding to the ordered pairs belong�ing to  S  on the set of axes below.  Use a dif�ferent colored pencil to mark the points which are the reflections of these points about the line  
y = 
x
 .



�






b.	Write the coordinates of the points which are the reflec�tions of the points belong�ing to  S .














c.	What is the relationship bet�ween the coordinates of a member of  S  and those of its reflection about the line  
y = x
 ?






















2.	In general, what is the reflection of the point with coordinates  (
a,b
)  about the line  
y = x
?











3.	Using your conclusion in (2), how would you find the reflection of any set of points about the line  
y = x
  if you are given the set of their coordinates?

















4.	Let  T = {(
w,z
) ½ 
z
 = 
w
2  and  
w
 Î
 R
}.  



a.	For an ordered pair to belong to  T , how must its second coordinate be related to its first coordinate? (Express in words.)













b.	For an ordered pair to belong to the reflection of  T  about the line  
y = x
 , how must its coordinates be related?











c.	The reflection of  T  about the line  
y = x
  may be written as



 i.	S = {( ____ , ____ ) ½   
z
 = 
w
2  and  
w
 Î 
R
}, or



ii. 	S = {(
w,z
) ½ ________________________}.



d.	Use  
X(Plore)
  to graph  T  and its reflection about the line  
y = x
.  To graph  T, enter the following commands in the input window:



window(-7,7,-5,5)

paramg(w,w^2,w=-7,7, 200)	(200 points are graphed.)



Using your responses to (b) and (c), write the paramg command which will graph the reflection about  
y = x
.  Enter the command and graph the reflec�tion on the same set of axes as the graph of 
 y
 = 
x
2.











Describe the graph of the reflection of  T  about the line  
y = x
 .













5.	Use the paramg command to graph each of the following quadratic func�tions and their reflections about the line  
y = x
.  In each case, graph the function and its reflection on the same set of axes, write an equation for the graph of the reflec�tion, and describe the graph of the reflec�tion.  Sketch what you see on the axes pro�vided.
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6.	What is a general form of an equation which describes the graph of a parabola which has a horizontal line as its axis of symmetry?  How would you find the coordinates of its vertex?

�Optional  Assignment for Portfolio:



In general, what is the reflection of the point with coordinates  (
a,b
)  about the line 
 y = x
?
 
Use geometry and the diagram below to explain why your answer is true.  You may need to label the points with coordinates  (
a,b
)  and  (
w,z
).





�






















































Solving Quadratic Equations





Page �PAGE�
23
�












Solving Quadratic Equations














Solving Quadratic Equations





















