Solving Linear Systems








Review of Prerequisites:





1.	Linear equation in two (three) variables





A  linear equation in two (three) variables  is an equation that may be expressed in the form  ax + by = c  (ax + by + cz = d)  where  a,b,c,d Î Á .





2.	Solution to a system of equations





A  solution to a system of equations in two (three) unknowns  is an ordered pair (triple) that satisfies each of the equations in the system.





3.	Matrix





A  matrix  is a rectangular array of numbers.  If a matrix has  m  rows  and  n columns, its size is  m ´ n .  The entry in the  ith row and  jth  column is referred to as  aij .





4.	Inconsistent system





A system of equations is  inconsistent  if and only if there is no solution to the system.








Objectives:





1.	To model solutions to linear systems in two and three variables graphically;





2.	To use of the matrix of coefficients to solve a linear system.








Materials:





1.	TI82 calculator


2.	Maple V  software


�
Activity 1:  Solving Linear Systems Graphically 





Materials:  TI82 calculator, Maple V software and computer





1.	Graph each pair of lines in the table below on the same set of axes on the TI82 calculator. Use the TRACE and arrow keys to approximate the points of intersection.  Set  Xmin and Xmax  under WINDOW so that they differ by  9.4.





(Note:	To draw the line  y = 2x - 4 , press  y= ; enter by  y1=   the expression   2x - 4; press GRAPH.  To draw the line  x = 2  on the same set of axes, next enter the following keystrokes:


2nd DRAW


4: Vertical


	Using the right and left arrow keys, position the vertical line so that crosses the x-axis at  x = 2; press ENTER to anchor the line at the desired position. 


Press TRACE and the arrow keys to move to the point where the lines intersect.  Read the coordinates of the approximate point of intersection at the bottom of the screen.)


	a.





Line #1�
Line #2�
Approximate point of intersection�
�



 y = 2x - 4�



  x = 2�



�
�



 y = 2x - 4�



  y = -2�



�
�



 2x + 3y = 6�



  x = 4�



�
�



 2x + 3y = 6�



  y = 1�



�
�



 2x + 3y = 8�



  y = 1�



�
�



 y = x + 4�



  y = 8 - x�



�
�



 y = 2x �



  y = 2x - 6�



�
�



 x = 2y + 4�



  x = -3y - 1�



�
�



 2x - y = 5�



  x + 3y = 6�



�
�



 2x - y = 5�



  2y - 4x = 5�



�
�



 3x - 2y = 9�



  4y - 6x = -18�



�
�



 3x - 2y = 9�



  -2x + 5y = 10�



�
�









b.	Write a linear equation in one variable that is equivalent to each of the given systems.  (For example, the system  y = -2x + 4  and  y = 6  is equivalent to the equation  -2x + 4 = 6.)  Use these equations to find the exact point of intersection.








Linear System�



Equivalent equation in one variable�



Point of intersection�
�



 y = 2x - 4  and  x = 2�



�



�
�



 y = 2x - 4  and  y = -2�



�



�
�



 2x + 3y = 6  and  x = 4�



�



�
�



 2x + 3y = 6  and  y = 1�



�



�
�



 2x + 3y = 8  and  y = 1�



�



�
�



 y = x + 4  and  y = 8 - x�



�



�
�



 y = 2x  and  y = 2x - 6�



�



�
�



 x = 2y + 4  and  x = -3y - 1�



 �



�
�



 2x - y = 5  and  x + 3y = 6�



�



�
�



 2x - y = 5  and  2y - 4x = 5�



�



�
�



 3x - 2y = 9  and  4y - 6x = -18�



�



�
�



 3x - 2y = 9  and  -2x + 5y = 10�



�



�
�






c.	Explain in words how you find the solution to the linear system  ax + by = c  and   x = k   algebraically, given that  b ¹ 0?  Illustrate.  What is the graphical representation of this solution?    Will the system necessarily have a solution if       b = 0 ?  Explain.












































d.	Will the linear system   ax + by = c   and  y = k  always have a solution?  Explain why or why not, both graphically and algebraically.  If not, what would be required to guarantee a solution and how would you find the solution?





















































e.	Under what condition(s) will a system of two linear equations in two unknowns have exactly one solution?  Explain graphically and illustrate with an example.












































f.	Under what condition(s) will a system of two linear equations in two unknowns have no solution?  infinitely many solutions?  Explain graphically and illustrate with examples.





























2.	Let  T  represent the graph of  3x + 2y + z = 12 ,  S  the graph of  x = 5z , and  W  the graph of  y = -2z , in space.  Graph these using  Maple V  by entering the following command:


plot3d({12-3*x-2*y,x/5,y/(-2)},x=-5..5,y=-5..5);





a.	Describe the graphs of  T , S , and  W .




















b.	Write an equation which describes the relationship between the  y  and  z  coordinates of the points in the intersection of  T  and  S .  Describe this set of points geometrically.























c.	Write an equation which describes the condition satisfied by the z-coordinate(s) of points in the intersection of  T Ç S  and  W .  Describe the set  (T Ç S) Ç W  geometrically.























d.	What is the solution to the system of equations   3x + 2y + z = 12 , x = 5z , and      y = -2z ?

















�
3.	Consider the linear system below:





�EMBED Equation���





Let  T  be the set of points in space described by equation I,  S  the set described by equation II, and  W  the set described by equation III.





a.	Write an equation describing the relationship between the  x  and  z-coordinates of the points in  T Ç S.  Describe this set geometrically.


























b.	Write an equation describing the relationship between the  x  and  z-coordinates of the points in  S Ç W.  Describe this set geometrically.





























c.	Use your answers to (a) and (b) to find  T Ç S Ç W.  Describe this set geometrically and algebraically.  What is its relevance to the original system of equations?


�



Activity 2:  A Matrix Solution for Linear Systems





Materials:  TI82 calculator, Maple V software and computer





Properties of equality guarantee that true statements result when both sides of a true equation are multiplied by the same number and when equal quantities are added to other equal quantities.  For example, if   x + y = 2  and  2x + y = 5, then it follows that   (-2)(x + y) = (-2)(2), or  -2x - 2y = -4  by the multiplication property of equality;  and so, by the addition property of equality, 





(-2x - 2y) + (2x + y) = -4 + 5, or  


(-2x + 2x) + (-2y + y) = 1, or 


-y = 1, or   y = -1.





One strategy for solving a system of linear equations is to use these two properties of equality to transform the original system of equations into a system in which each variable appears in exactly one equation; and each equation has exactly one variable term, and it has a  coefficient of  1.  If there is a unique solution to the system, this can always be achieved.





It is wise to note that the variables involved in the equations do not change; only their coefficients change.  The following example illustrates the strategy.  First, each equation is written in the same form with all like terms combined, the variables in the same order on the left of the equation and a single constant term on the right of the equation.  The coefficients of the variables are tracked to the right in a rectangular array called an augmented matrix of coefficients.  Each row in the matrix lists the coefficients in the corresponding equation; the first column contains the coefficients of  x , the second the coefficients of  y , the third column the constant to the right of the equals sign.  If the matrix is known, the corresponding system of equations is known.


			


x + y = 2


2x + y = 5�
�EMBED Equation����
�



Replacing the second equation by the sum of the second equation and -2 times the first equation, the system becomes	


x +     y = 2


0x + (-1)y = 1	�
�EMBED Equation���.�
�



Replacing the first equation by the sum of the first equation and the second equation, the system becomes				


0x + (-1)y = 1


x +   0y = 3�
�EMBED Equation���.�
�



Finally, multiplying the second equation by  -1,


		


x + 0y =  3


0x + 1y = -1�
�EMBED Equation���.�
�



The last matrix is said to be in row-reduced echelon form.


It is now apparent that the solution to the system is the pair  (x,y) = (3,-1).





These operations on the rows of the augmented matrix of coefficients can be done quickly on the TI82 calculator.  To illustrate with the above linear system, enter the following keystrokes and compare your results with the work above: 





MATRX


EDIT


Select  1:  [A]  by pressing  1


Enter the size of  2 ´ 3  (changing it from 1 ´ 1, or whatever size may appear)


Enter the coefficients by row:


1,1= 	1


1,2 = 	1


1,3 =	2


2,1 =	2


2,2 =	1


2,3 =	5


MATRX


MATH


Cursor down, select A , and complete the statement:


*Row+((-)2,[A],1,2)	(This adds  -2  times the first equation to the second equation and replaces the second equation.  Note:  To enter [A], press MATRX  followed by 1:[A] .)


ENTER


MATRX


MATH


Select 9 and complete the statement


Row+(ANS,2,1)		(This adds the second equation to the first equation and replaces the first equation.)


MATRX


MATH


Select 0 and complete the statement


*Row((-)1,ANS,2).	(This multiplies the second equation by  -1 and replaces the second equation.)





�



Use the TI82 calculator and the augmented matrix of coefficients to solve each of the linear systems below.  In each case, record the augmented matrix, the Row statements being used, and the resulting matrix from each Row operation.  The last matrix recorded should be in row-reduced echelon form.





1.	10x + 5y = 32  and  8x + 5y = 10


















































2.	4x =  2y - 3z + 1 ,  8x - 3y + 5z = 4 ,  and  7x + 4z = 5 + 2y















































�



The computer and Maple V  can make this process even easier.   Start the program.





To solve the system  x + y = 2  and  2x + y = 5   (our first example), note that the augmented matrix of coefficients is


�EMBED Equation���





Enter the line  with(linalg);  to load the library of linear algebra procedures.  Next, enter the following lines:


A:=matrix(2,3,[1,1,2,2,1,5]);  	This command defines the  2 ´ 3 matrix with the given rows.


rref(A);				This computes the row-reduced echelon form of the matrix  A  from which the solution  (x,y) = (3,-1) is obtained.





Use Maple V to solve each of the following linear systems.  Record the augmented matrix of coefficients for the original system; the result of the  rref  command; and the solution to the system in each case.





3.	2x - 3y + 2z = -3 ,  -3x + 2y + z = 1 ,  4x + y - 3z = 4









































4.	5x + 2z = 1 ,  y - 3z = 2 ,  2x + y = 3






































5.	2x - y = 5 ,  5y + 3z = -2 ,  and x = 7z + 3









































6.	2x - y - 2z + 2s - 5t = 2 ,  x + 3y - 2z + s - 2t = -5  ,  -x + 4y + 2z - 3s + 8t = -4 , 


3x - 2y - 4z + s - 3t = -3 ,  4x - 6y + z - 2s + t = 10.









































7.	A supplier of lawn products has three types of grass fertilizer, A, B, and C, having nitrogen contents of 30%, 20%, and 15% respectively.  The supplier plans to mix them, obtaining 600 pounds of fertilizer with a 25% nitrogen content.  In addition, the mixture is to contain 100 pounds more of type C than of type B.  How much of each type should be used? (Model with a linear system, solve the system with Maple V, and interpret the solution.)






































8.	A company has three machines  A, B, and C  that are each capable of producing a certain item.  However, because of a lack of skilled operators, only two of the machines can be used simultaneously.  The following table indicates production over a three-day period using various combinations of the machines.








Machines used�



Hours used�



Items Produced�
�



A  and  B�



6�



4500�
�



A  and  C�



8�



3600�
�



B  and  C�



7�



4900�
�



How long would it take each machine, if used alone, to produce 1000 items? (Model with a linear system, solve the system, and interpret the solution.)
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