Properties of Quadratic Polynomials



Review of Prerequisites:



1.	Polynomial in one variable



A  monomial in one variable  is the product of a constant value and a whole number power of a variable.  A  polynomial  is a function that is the sum of finitely many monomials.



2.	Quadratic polynomial



A  quadratic polynomial  is a function for which the function rule may be expressed in the form  f(x) = ax2 + bx + c (or equivalently,  y = ax2 + bx + c) where  a,b,c M Á, the set of real numbers.



3.	Zero of a function



A  zero  of a function  f  is a solution to the equation  f(x) = 0.  It may also be considered as a solution to the system of equations  y = f(x)  and  y = 0 , or an  x-intercept of the graph of  f .



4.	Translation



A  translation  of a set of points  h  units horizontally and  k  units vertically is a one-to-one correspondence between two sets of points which maps the point represented by  (x,y)  to the point represented by  (x + h,y + k).  A translation moves or "slides" the original set of points horizontally and vertically in the plane.



5.	Line symmetry



A set of points in the plane is symmetric with respect to a line if and only if the line divides the set into two parts so that if the plane is folded along the line the parts coincide exactly.



6.	Parabola



A  parabola  is a set of points in the plane in which each point is the same distance from a fixed point as it is from a fixed line.  The fixed point is called the focus and the fixed line is called the directrix  of the parabola.  The point on the parabola which is on the line through the focus perpen�dicular to the directrix is called the vertex of the parabola.



Objectives:



1.	To demonstrate that the graph of a quadratic polynomial is a parabola;

2.	To explore the effect of changing the coefficients of a quadratic polynomial on its graph;

3.	To discover how to locate the vertex and line of symmetry of a quadratic polynomial;

4.	To discover how to locate all real zeros of a quadratic polynomial.

�Activity 1:  The Parabola and Quadratic Polynomials 



Materials:  Computer and X(Plore) software

Note:  Most of the computer procedures below can be implemented on the TI82 calculator.  X(Plore) and the computer have been chosen because of the superior graphics and speed.



1.	Use X(Plore) to graph the quadratic polynomial  y = x2 .  In the input window of X(Plore), type each of the following on separate lines, pressing enter at the end of each line:



window(-7,7,-5,5)	(this sets the range to   -7 £ x £ 7  and -5 £ y £ 5)

axis(1,1,1,1)

grid(1,1)

graph(x^2,x)



Describe the manner in which the y-coordinate changes as the x-coordinate increases.  Record the coordinates of the turning point on the graph.  What is the relationship of the  y-axis to the graph?























2.	Use X(Plore) to record values of  y = x2 between  x = -4  and  x = 4 in the table on the next page.  To do this, enter  

table(x^2,�x=-4,4,0.8).  



Load the file algii.cc from the X(Plore) disk by pressing the F8 function key and entering  a:algii.cc.  This file has a function defined which calculates the distance between the points  P  and  A  in the plane after the points have been entered.



�

For each value of  x , let P(x) denote the corresponding point on the graph of   y = x2  (so, the coor�di�nates of P(x) are  (x,x2));  let  A  repre�sent the point  (0,1/4); and let C(x) represent the point  (x,-1/4)  on the line y = -1/4.  Find these points on the dia�gram to the right.



Define these points in X(Plore) by entering



P(x)=(x,x^2)

A=(0,1/4)

C(x)=(x,-1/4).



Define two functions  d1  and  d2  to calcu�late the distances bet�ween  A  and  P(x)  and  between  P(x)  and  C(x) (and con�sequent�ly, between  P(x)  and the line  y = -1/4) respec�tive�ly by entering



d1(x) = dist(A,P(x))

d2(x) = dist(P(x),C(x)).



a.	Construct a table of values to compare the values of  d1  and  d2  for values of  x  between  -4  and  4  by entering   table(d1(x),d2(x),x=-4,4,0.8) .  Record these in the table below:
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b.	Does changing the sign of the x-value affect the value of  y ?  Explain why or why not.  What is the relevance of this with regard to symmetry of the graph?















c.	What do you observe about the two distances for each value of  x  in the table?











d.	In the graph of y = x2  in Figure 1 on the previous page, A has co�or�di�na�tes (0�,1/4), P has coor�dinates (x,x2), C has coor�dinates (x,-1/4), and D has coordinates         (0,-1/4).



Find an expanded expression for the square of the distance between  A  and  P : 



(dist(A,E))2 = ____________		(dist(P,E))2 = ___________________.



Therefore, by the Pythagorean Theorem,  



(dist(A,P))2 = __________________________________�.



Find an expanded expression for the square of the distance between  P  and  C : 



(dist(P,C))2 = _�_________________________________.



Compare these two expressions.



(dist(A,P))2  _______  (dist(P,C))2  for any value of  x .



e.	What is the significance of this geometrically?













�

2.	Let  S  be the parabola for which the focus is the point  A  with coordinates  (0,2)  and the directrix is the line  y = -2 , pictured in Figure 2.  Let  P  represent an arbitrary point  (x,y)  on the graph of the parabola, and let  E  represent the point with coordinates  (x,2)  and  C  the point with coordinates  (x,-2)  as in�dicated in Figure 2.



a.	Find an expanded ex�pression for the square of the distance bet�ween  A  and  P : 



	(dist(A,E))2 = ____________________		

�





(dist(P,E))2 = ____________________.







Therefore, by the Pythagorean Th�eo�rem, 



(�d�ist(A,P))2 = ______________�.







Find an expanded expression for the square of the distance bet�ween  P  and  C : 



(dist(P,C))2 = _______________________.  









Since, by definition,  dist(A,P) = dist(P,C)  in order for  (x,y)  to represent a point on the parabola with focus A(0,2) and directrix  y = -2,  (x,y)  must satisfy the following equation in which   y  is expressed as a function of  x:







_______________________________________





















�

3.	What would be the equation of the parabola for which the focus is the point with coordinates  (0,1/8)  and the directrix is the line  y = -1/8?  for which the focus is  (0,a)  and the directrix is the line  y = -a  where  a ¹ 0 ?







































4.	If a parabola is rotated in space around its line of symmetry (line through the focus perpendicular to the directrix), the surface created is called a parabo�loid.  A satellite receiving dish is an example of a paraboloid. All signals coming into the dish are reflected through the focus.  A company wishes to manufacture a satellite dish which can be packed in a  6¢ ´ 6¢ ´ 3¢ carton.  What is the diameter of this dish?  How far from the surface of the dish will the receiver be located?

























�

Activity 2:  Scaling and Translating Quadratic Polynomials



Materials:  Computer and X(Plore) software



1.	Use X(Plore) to explore the family of curves  y = ax2 .



a.	What is the effect on the graph of  y = x2  if the coefficient of  x2  is in�creased?  What is the vertex?  the equation of the line of symmetry?

























b.	What is the effect on the graph of y = x2  if the coefficient of x2  is decreased, but remains  positive?























c.	Graph y = -x2 ,  y = (-1/2)x2 , and  y = -2x2. Describe the graph of  y = ax2  if         a < 0.  Compare the graph of y = ax2  with that of  y = ³a³x2 .  What are the coor�dinates of the vertex and the equation of the line of symmetry?





















2.	Use X(Plore) to explore the family of curves  y = ax2 + k .



a.	Graph  y = x2 ,  y = x2 - 2 , and  y = x2 - 4 , and  y = x2 - 6 .  Compare the graph of   y = x2  with that of  y = x2 + k  in the case that  k < 0.  What are the coordinates of the vertex and the equation of the line of symmetry?















 





b.	Graph  y = x2 ,   y = x2 + 2 , and   y = x2 + 4 , and   y = x2 + 6 .  Compare the graph of   y = x2 with that of   y = x2 + k  in the case that  k > 0.  What are the coordinates of the vertex and the equation of the line of symmetry?























c.	Generalizing (a) and (b), compare the graph of  y = ax2  with that of  y = ax2 + k.   What are the coordinates of the vertex and the equation of the line of symmetry?

































3.	Use X(Plore) to explore the graphs of the family of curves  y = a(x - h)2 .



a.	Graph  y = x2 ,  y = (x - 1)2 ,  y = (x - 2)2 , and  y = (x - 3)2 .  Compare the graph of  y = x2  with that of  y = (x - h)2   where  h > 0.  What are the coordinates of the vertex and the equation of the line of symmetry?

























b.	Graph  y = x2 ,  y = (x + 1)2 ,  y = (x + 2)2 , and  y = (x + 3)2 .  Compare the graph of  y = x2  with that of  y = (x - h)2   where  h < 0.  What are the coordinates of the vertex and the equation of the line of symmetry?























c.	Generalizing (a) and (b), compare the graph of  y = ax2  with that of   y = a(x - h)2.  What are the coordinates of the vertex and the equation of the line of symmetry?
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4.	Compare the graph of  y = x2  with those of  y = 2x2 ,  y = -2x2 ,  y =  -2(x + 3)2 , and           y = -2(x + 3)2 + 4.  Record the coordinates of the vertex and the equation of the line of symmetry in each case.







  Function�

   Vertex�

  Line of symmetry��

  y = x2�

�

��

  y = 2x2�

�

��

  y = -2x2�

�

��

  y = -2(x + 3)2�

�

��

  y = -2(x + 3)2 + 4�

�

��





5.	What is the relationship between the graphs of  y = ax2  and  y = a(x - h)2 + k ?  What are the coordinates of the vertex in each case?  What is the line of symmetry in each case?



















6.	Write a function rule for the parabola which is a translation of  y = -3x2  and which has its vertex at the point with coordinates  (2,-3).











7.	Write a function rule for the parabola which is congruent to  y = (1/2)x2 , opens downward, and has its vertex at the point with coordinates  (-4,2).
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Activity 3:  Finding the Vertex of a Quadratic Polynomial



Materials:  Computer and X(Plore) software



1.	Using X(Plore), choose an appropriate window and graph the polynomial  y = x2 + 6x .



a.	Factor this polynomial and find its zeros.













b.	What is the relationship between the segment joining the zeros of this polynomial and its line of symmetry?













c.	Find the line of symmetry.







d.	What are the coordinates of the vertex?







e.	Use the conclusions of Activity 2 and your answer in (d) to write this polynomial as a translation of  y = x2 .







f.	Graph  y = 6x  on the same set of axes as  y = x2 + 6x .  What is the relationship between these graphs?
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2.	Use the approach of (1) to find the vertex and line of symmetry of  y = 3x2 - 8x .  Write this polynomial as a translation of  y = 3x2 .  What is the relationship between the graphs of       y = -8x  and  y = 3x2 - 8x ?

































3.	Generalize the approach of (1) to find the vertex and line of symmetry of the polynomial     y = ax2 + bx  where  a ¹ 0 .  Write this polynomial as a translation of   y = ax2 .





















4.	Consider quadratic polynomials of the form   y = ax2 + bx + c .



a.	Graph the polynomials  y = x2 + 6x  and  y = x2 + 6x - 3 .  Compare the graphs.  Write each as a translation of  y = x2 .  List the coordinates of the vertex of each graph.















�

b.	Graph the polynomials  y = -2x2 + 3x  and  y = -2x2 + 3x + 5 .  Compare the graphs.  Write each as a translation of  y = -2x2 .  List the coordinates of the vertex of each graph.





















c.	Describe the relationship between the graphs of  y = ax2 + bx and  y = ax2 + bx + c.  Write each as a translation of  y = ax2 .  List the coordinates of the vertex of each graph.























d.	What has been discovered in (c) is very important in the study and application of quadratic functions.  For emphasis, complete the box below and ver�ify its ac�cur�acy with your instructor.









In terms of  a , b ,  and  c, the ver�tex of the par�abola  

y = ax2 + bx + c  is the point with coor�dinates

	(x,y) = _______________











�

5.	A fo�ot�ball player attempts to make a field goal by kicking the ball from a point on the 20 yard line, which is 90 feet from the goal posts.  The goal post crossbar is 10 feet above the ground.  The ball r�e�aches its highest altitude of 32 feet at a point 48 feet from where it is kicked.



a.	Make a sketch showing the path of the football.

























b.	If the point from which the ball is kicked is the origin of a coordinate system, find an equation of the parabolic path of the football.

























c.	Will the kicker make the field goal?  Explain.

�

Activity 4:  Finding the Zeros of a Quadratic Polynomial



Materials:  Computer and X(Plore) software



1.	The zeros of a function are the  x-intercepts of its graph, or the points where the graph crosses the  x-axis.



a.	Use X(Plore) to graph the functions in the table below and record the number of real zeros of each of the functions.







Function�

Vertex�

Opens upward or downward?�

Number of real zeros��

y = x2�

�

�

��

y = -3x2�

�

�

��

y = (x - 3)2�

�

�
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y = -2(x + 3)2�

�

�
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y = 3(x - 2)2 + 4�

�

�

��

y = -3(x - 2)2 + 4�

�

�

��

y = -(x + 2)2 + 3�

�

�

��

y = -(x + 2)2 - 3�

�

�

��

y = 3(x - 2)2 - 9�

�

�

��



b.	What must be true about the vertex of a quadratic function  f  in order for it to have exactly one distinct real zero?  What form does the function rule which defines  f  take in this case?













�

c.	What must be true about the vertex of a quadratic function   f  and the direction in which it opens in order for  f  to have exactly two distinct real zeros?  If  f  is written in the form  f(x) =  a(x - h)2 + k , what relationship holds between the values of  a, h, and  k  in this case?

























d.	Under what conditions will  f  have no real zeros?  Describe the conditions in terms of the vertex and the direction in which the graph opens.  If  f  is written in the form  f(x) =  a(x - h)2 + k , what relationship holds between the values of  a, h, and k  in this case?



























2.	Let  y = (x - 2)2 - 9 .  



a.	The zeros of  y  are the solutions to what equation?









b.	Find the zeros of  y.













3.	Find any real zeros of each of the quadratic polynomials below.  If there are no real zeros, explain why.



a.	y = 2(x - 2)2 















b.	y = 2(x - 2)2 - 9 

















c.	y = -2(x - 2)2 - 9

















d.	y = 2(x - 2)2 + 9

















e.	y = -2(x - 2)2 + 9

















4.	Let   y = a(x - h)2 + k .



a.	If  y = 0 ,  write a sentence expressing the value of  (x - h)2  in terms of  a  and  k .  What must be true about  a  and  k  in order for this sentence to have a meaningful solution in the real number system?

















b.	If   (x - h)  is a real number in (a), find any corresponding values of  x .















c.	Summarize the conditions on  a, h, and  k  necessary and sufficient to conclude that  y  has  no real zeros; exactly one distinct real zero; two distinct real zeros.



























5.	Let  y = x2 - 4x + 5 .



a.	Find the vertex of the graph of  y.

















b.	Express  y  as a translation of  f(x) = x2 .











c.	Find any real zeros of  y .



















6.	Following the steps outlined in (5), find any real zeros of the following polynomials.



a.	y = 2x2 + 6x - 3





























b.	y = -x2 - 8x + 5



























7.	Let  y = ax2 + bx + c .  



a.	Find the vertex of the graph of  y  and express  y  as a translation of   f(x) = ax2 .

































b.	Find any real zero(s) of  y .  Consider the cases in which no real zero exists, there is exactly one distinct real zero, and there are two distinct real zeros.  State the condition which must hold for each case to apply.
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Activity 5:  An Introduction to Complex Numbers



Materials:  Computer and X(Plore), Optional - Maple V software



Historically, the idea of square roots of negative numbers arose in the context of solutions of equations.  Hieronimo Cardano (a sixteenth century physician, gambler, and scholar) recognized their existence.  While considering such numbers meaningless, he wrote them down as solutions to a quadratic equation and gave them symbolic meaning.  Leonhard Euler first used the symbol  i to represent   �EMBED Equation��� in a manuscript written in 1777 and published in 1794.



Complex numbers gave rise to the Fundamental Theorem of Algebra, which states that every polynomial function has at least one zero in the set of complex numbers.  It follows from this result that a polynomial function of degree n will have n zeros (not necessarily distinct).  The first substantial proof of this theorem was given by Carl Friedrich Gauss (1777-1855).  Today, complex numbers are important in applications involving electricity.





1.	Using the definitions of principal square root and  i = �EMBED Equation��� ,  what is the value of  i2 ?     i3 ?  i4 ?











2.	Use  X(Plore) to complete following table of powers of   i .    Enter

table(Alt-i^n,n=1,20,1) 

(where Alt-i  means press the  Alt key while typing  i ).
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Describe the pattern of values exhibited in the table.



















�

3.	Explain how you could use the pattern in the table above to find the value of any positive integer power of  i .  Use your observations to find  i57 , i112 , and  i343 .































4.	Use X(Plore) to find the value of  i-1 .  Enter Alt-i^(-1).  Record the result and verify that it is the m�ultiplicative inverse of  i .





















5.	Use X(Plore) to complete the table of negative integer powers of  i  below.  





n�

-18�

-17�

-16�

-15�

-14�

-13�

-12�
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-10�

-9�
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-7�

-6�

-5�

-4�

-3�

-2��
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Describe the pattern of values exhibited in the table.























6.	Explain how you would use the pattern to predict the value of any negative integer power of  i .  Give two examples to illustrate.























7.	Assuming that addition and multiplication of complex numbers satisfy the same properties as addition and multiplication of real numbers,  express each of the following complex numbers in the form  a + bi .  Explain why each answer must be true in terms of the properties.



a.	(2 + 3i ) + (-5 + 6i )















b.	(2 + 3i )(-5 + 6i )





















c.	Write a general rule for adding two complex numbers, both in English and in symbolic form.



















d.	Write a general rule for multiplying two complex numbers, both in English and in symbolic form.















8.	Find  (2 + 3i )(2 - 3i )  and   (-5 + 6i )(-5 - 6i ).  Can you generalize these two examples?





























9.	Find the multiplicative inverse of  2 + 3i  by finding real numbers  x  and  y  such that          (2 + 3i )(x + yi ) = 1.

















�

10.	Generalize (9) to find the multiplicative inverse of  a + bi .  If you wish, you may use Maple V  and matrices to solve this problem.



















































11.	Use the results of (9) to find  

�EMBED Equation���
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