Linear Equations in Three Variables








Review of Prerequisites:





1.	Linear equation in three variables





A  linear equation in three variables  is an equation which can be written in the form        ax + by + cz = d, where  a,b,c,d ( R.





2.	System of equations





A  system of equations  is a collection of two or more equations.  





3.	Solution to an equation in two variables





A  solution to an equation in two variables x and y  is an ordered pair  (a,b)  which results in a true statement when  x  is replaced by the value  a  and  y  is replaced by the value  b  in the equation.  A solution to a system of equations in two unknowns is any ordered pair of numbers which is a solution to each of the equations in the system.





4.	Solution to an equation in three variables





A  solution to an equation in three variables x, y,  and  z  is an ordered triple  (a,b,c)  which results in a true statement when  x  is replaced by the value  a ,  y   by the value  b, and  z  by the value  c  in the equation.  A solution to a system of equations in three unknowns is any ordered triple of numbers which is a solution to each of the equations in the system.





5.	Cartesian coordinate system for space








Objectives:





1.	To visualize graphs of linear equations in three variables in space;


2.	To model the coordinate axes as solutions to systems of equations in three variables;


3.	To introduce the graphical representation of a linear inequality in three variables


4.	To consider a linear equation in three variables as a function of two variables.


�
Activity 1:  Graphs of Linear Equations in Three Variables





Materials:	3d geoboard, scissors, yarn in two colors, dowel pegs, small paper clip





1.	Use a three-dimensional geoboard to answer the following questions.





a.	Consider the "floor" of the geoboard.  It lies in the plane determined by the lines which form the x-axis and the y-axis, called the  xy-plane.  What is the  z-coordinate of every point in the xy-plane?








Describe a necessary and sufficient condition for the coordinates of  a point to satisfy in order for the point to belong to the xy-plane:








The  xy-plane is equal to the set of points corresponding to





  {(x,y,z) ½                                               }





b.	The "walls" of the geoboard are the  xz-plane (the plane determined by the x-axis and the z-axis) and the yz-plane (the plane determined by the  y-axis and the  z-axis).  What is the  y-coordinate of every point in the xz-plane?








The  xz-plane is equal to the set of points corresponding to 





  {(x,y,z) ½                                             }





c.	What is the  x-coordinate of every point in the  yz-plane?








The  yz-plane is equal to the set of points corresponding to





  {(x,y,z) ½                                            }





2.	Let  T = {(x,y,z) ½ x = 3}.  





a.	Does  (3,0,1)  belong to  T ?  Why or why not?











b.	Does  (4,3,1)  belong to  T ?  Why or why not?














c.	List the coordinates of several points which belong to  T.  Find the location of these points using the 3d geoboard.  Describe the graph of  T  in space relative to the planes determined by the coordinate axes.






































3.	Using the 3d geoboard, thread yarn through the points with coordinates  (11,0,6) and  (0,11,6),  (0,9,6)  and  (9,0,6),  (5,0,6)  and  (0,5,6),  and (0,3,6)  and  (3,0,6).  





a.	What are the  z-coordinates of the points belonging to the stretched yarn?











b.	Place a sheet of paper so that it rests on the stretched yarn and is flush with the sides of the geoboard.  What is the z-coordinate of any point on the paper?











c.	Write an equation which describes a necessary and sufficient condition for an ordered triple  (x,y,z)  to represent a point on the plane which contains the paper.











d.	Is this plane parallel to any of the planes determined by the coordinate axes?  If so, which one(s).  If not, explain why not.

















4.	Write an equation which describes the plane parallel to the  xz-plane and passing through the point with coordinates  (2,3,4).  What is the y-intercept of this plane?




















5.	Write an equation which describes the plane parallel to the yz-plane and passing through the point with coordinates  (2,3,4).  What is the x-intercept of this plane?




















6.	Let  T = {(x,y,z) ½ x + 2y + z = 10 }.  





a.	If (1,0,z) ( T, what equation must  z  satisfy?











b.	If  (0,y,z) ( T, what equation must  y  and  z  satisfy?











c.	Let  S1 = {(0,y,z) ½ (0,y,z) Î T }.  If  y = 0 and (0,y,z) Î S1, what is the value of  z?








If  z = 0  and  (0,y,z) Î S1, what is the value of y ?








List  four additional ordered triples belonging to  S1  with positive integral values for  y  between  0  and  5.





	(0,1,_____) , (0,2,_____) , (0,3,_____) , (0,4,_____)





d.	Using the geoboard, mark the points corresponding to the ordered triples listed in (c).  What do you observe about these points?











If you were to graph all the members of  S1 , what would the graph be?











e.	Let  S2 = {(4,y,z) ½ (4,y,z) Î T }.  Write an equation which  y  and  z  must satisfy in order for  (4,y,z)  to belong to  S2.

















Find where the graph of  S2  intersects the xz-plane (i.e., y = 0) and where it intersects the  xy-plane (i.e., z = 0).





List two additional members of  S2  having positive integral values for  y between  0  and  3.











f.	Using the geoboard, mark the points corresponding to the ordered triples listed in (e).  What do you observe about these points?











If you were to graph all the members of  S2 , what would the graph be?











g.	What seems to be true about the graphs of  S1  and  S2 ?

















h.	Find  the points where the graph of  T  intersects the coordinate axes (the intercepts) and stretch yarn between these points.  Describe how you might use yarn to mark all of the points belonging to the graphs of  S1  and  S2 with nonnegative coordinates and do so with yarn of a different color.

















Can you position a sheet of cardboard to that it rests on all the pieces of yarn you have stretched?  What is the geometric significance of this relative to the points on the stretched yarn?














i.	Describe the graph of  T.























j.	What points are sufficient to determine the graph of  T ?  Use geometry to explain your answer.























7.	Let  T = {(x,y,z) ½ 3x + 4y + 2z = 12}.  





a. 	Find the intercepts of  T.























b.	Describe the graph of  T.  How would you use the 3d geoboard to visualize the graph?























8.	Let  T = {(x,y,z) ½ x - 2y  + 3z = 6}.





a. 	Find the intercepts of  T.

















b.	Describe the graph of  T.  How would you use 3d geoboard(s) to visualize the graph?


























9.	Describe the graph of  T = {(x,y,z) ½ ax + by + cz = d  where  a,b,c,d Î R }.  How would you use the 3d geoboard(s) to visualize the graph?

















�



Activity 2:  Systems of Linear Equations in Three Variables





Materials:  3d geoboard, yarn in 2 colors, small paper clip





1.	Consider the points which belong to the  x-axis.





a.	What is the  y-coordinate of every point on the  x-axis?














b.	What is the  z-coordinate of every point on the  x-axis?














c.	From your observations in (a) and (b), what two equations must every point on the x-axis satisfy?  Do any other points in space satisfy both of these equations?














d.	What set of points does each of the equations written in (c) above describe?  Consequently, what geometric sets intersect to form the x-axis?


























2.	Consider the points which belong to the  y-axis.





a.	What is the  x-coordinate of every point on the  y-axis?














b.	What is the  z-coordinate of every point on the  y-axis?




















c.	From your observations in (a) and (b), what two equations must every point on the  y-axis satisfy?  Do any other points in space satisfy both of these equations?














d.	What set of points does each of the equations written in (c) above describe?  Consequently, what geometric sets intersect to form the   y-axis?


























3.	Consider the points which belong to the  z-axis.





a.	What is the  x-coordinate of every point on the  z-axis?














b.	What is the  y-coordinate of every point on the  z-axis?














c.	From your observations in (a) and (b), what two equations must every point on the  z-axis satisfy?  Do any other points in space satisfy both of these equations?














d.	What set of points does each of the equations written in (c) above describe?  Consequently, what geometric sets intersect to form the z-axis?



































4.	Let  T = {(x,2,4) ½ x Î R }.  





a.	If  (x,y,z) ( T, what must be true about  y ?  about   z ?




















b.	Describe the graph of  T.




















c.	Find two planes each of which contains  T  and is parallel to one of the coordinate planes.




















d.	What two equations describe the necessary and sufficient conditions which a point must satisfy to belong to  T?























5.	Let  T = {(3,2,z) ½ z Î R }.





a.	Describe the graph of  T.

















b.	Find two planes each of which contains  T  and is parallel to one of the coordinate planes.














c.	What two equations describe the necessary and sufficient conditions which a point must satisfy to belong to  T?




















6.	Let  S = {(x,y,z) ½ x + 2y + z = 10}  and  T = {(x,y,z) ½ x = 4}.





a.	Use the 3d geoboard and yarn to visualize each of the planes described by   S  and  T.  Use different colored yarn for each of the planes.  Describe the intersection of the two sets,  S Ç T , geometrically and in set notation.





























b.	The projection of a set to a coordinate plane determined by two axes is the set of points which results when each point in the set has the coordinate of the third axis replaced by zero (resulting in the "noon shadow" of the set in the coordinate plane).  What is the projection of  S Ç T  onto the yz-plane? (Describe geometrically and algebraically.)





























c.	Let  W = {(x,y,z) ½ 10x + 5y + 10z = 40}.    Describe  T Ç W  both geometrically and algebraically.





























d.	What is the projection of  T Ç W  onto the yz-plane?

















e.	Find  the intersection of the three planes,  S Ç T Ç W.


(Note:   S Ç T Ç W = (S Ç T) Ç (T Ç W).)
































7.	What are the possible intersections of two planes?  of three planes?









































8.	A recipe that makes 7 cups of French dressing uses tomato juice, vinegar, and olive oil.  Grandmother remembers that it calls for 3 times as much vinegar as tomato juice and 4.5 times as much olive oil as vinegar.  Write a system of linear equations which models the conditions given in this problem.


�



Activity 3:  An Introduction to Linear Inequalities in Three Variables  





Materials:  3d geoboard, yarn, small paper clip





1.	Let  T = {(x,y,z) ½ 2x + y + 4z = 12}





a.	Use the 3d geoboard and yarn to model the graph of  T.  List the intercepts and sketch a picture below.





























b.	Solve the equation which defines  T  for the variable  z.  Is   z  a function of  x  and  y ?  Explain your conclusion.
































c.	Use the 3d geoboard and a piece of doweling to model the line which is the graph of  {(3,2,z) ½ z Î R }.     What is the point of intersection of this line with the graph of  T ?  


























�



What is the relationship between the  z-coordinate and the  x- and  y-coordinates of the points on the line which lie beneath the graph of   T ?  of the point of intersection of the line with the graph of  T ?   of the points on the line which lie above the graph of  T ?
























































d.	The graph of  T  divides space into three disjoint parts (T and two half-spaces).  Use an inequality to describe the  half-space which contains the origin.























2.	Describe the graph of  T = {(x,y,z) ½ z ³ 8 - x - 2y }.















































3.	Construct an application for which the set  T  in (2) would be an algebraic model.





Linear Equations in 3 Variables





Page �PAGE�15�














Linear Equations in 3 Variables











