	Systems of Linear Equations





Review of Prerequisites:



1.	Linear equation in two variables 



A  linear equation in two variables  is an equation which can be expressed in the form        ax + by = c  where  a,b,c , ú.



2.	System of linear equations in two unknowns



A  system of linear equations in two unknowns  is a collection of two or more linear equations in two variables.  Any ordered pair which satisfies every equation in the collection is called a solution to the system.



3.	Concurrent lines



Three or more lines are concurrent if and only if there is a common point that belongs to each of the lines (or a point which belongs to the intersection of the collection of lines).



3.	Linear polynomial



A  linear polynomial  is a function that can be expressed in the form   f(x) = ax + b (or equivalently,  y = ax + b) where  a,b , ú, the set of real numbers.



4.	Parallel and perpendicular lines



Two lines are  parallel  if and only if they are coplanar and non-intersecting.  Two lines are  perpendicular  if and only if they intersect forming right angles.





Objectives:



1.	To discover the slope relationship of parallel lines and of perpendicular lines.

2.	To investigate intersections of a linear polynomial with horizontal and vertical lines;

3.	To investigate intersections of two or more lines;





Materials:



1.	TI82 calculator

2.	Straight-edge

3. 	Geometer's Sketchpad and files parallel.gsp and perp.gsp

�Activity 1: Parallel Lines 



Materials Needed:  TI82 Calculator, Geometer's Sketchpad, disk with parallel.gsp 



1.	Use the TI82 calculator to graph the pair of lines  y = 2x  and  y = -3x .  What is the slope of each line?  Are these lines parallel?  Explain.





















2.	Use the TI82 calculator to graph each pair of lines described by the equations in the table below.  What is the slope of each line?  Which pairs of lines seem to be parallel?  





Line #1�

Line #2�

Slope: line #1�

Slope: line #2�

Do lines seem to be paral�lel?��

y =  -x�

y =  -x + 2�

�

�

��

y =  3x + 2�

y = -3x + 2�

�

�

��

y =  2x + 1�

y =  2x - 3�

�

�

��

3x + y = 1�

3x + y = 5�

�

�

��

�EMBED Equation����

�EMBED Equation����

�

�

��

�EMBED Equation����

�EMBED Equation����

�

�

��



What seems to be true about the pairs of lines that you think are parallel?







�

�

3.	Load the software program Geometer's Sketchpad, and open the file parallel.gsp that is on  the disk provided by your instructor.  In the sketch that appears (see figure below),  



B  is a free point on a circle (hidden) centered at point  A;  (Free points may be dragged to any location on the object to which they belong.)



C  is a free point in the plane; the line passing through  C  is constructed so that it is parallel to the line determined by the points  A and  B;



P  is a free point on the line constructed through  C;



the segment  PG  is constructed so that it is perpendicular to each of the parallel lines.  Its length represents the distance between the lines  AB  and  CP;



lines parallel to the  x-axis and  y-axis have beeen constructed through  G  and  P  respectively, and their points of intersection with each of the original lines and each other labeled.



a.	Drag  P  to several different locations on the line to which it belongs.  What do you notice about the length of segment  PG ?  the ratio PT/QT ?  Drag  C  to a new location and repeat the preceding.  Explain why your observations must always be true.



















b.	What ratio in the above sketch represents the slope of the line AB ?  the line  CP ?











c.	What is the geometric relationship between  ÎPTQ  and  ÎHTG ?  What is the significance of this relationship with regard to the slopes of the lines  AB  and  CP? Explain.























d.	If two distinct lines are parallel, what must be true about their slopes?  If the lines are not parallel, what must be true about their slopes?  Explain.



























4.	What seems to be a necessary and sufficient condition on the coefficients for the lines described by  y = ax + b  and  y = cx + d  to be parallel?  Explain why your condition is necessary (i.e., why the condition must hold if the lines are parallel); explain why it is sufficient (i.e., why the lines are parallel if the condition is true).









�

Activity 2:  Perpendicular Lines



Materials Needed:  Rectangular Grid Paper, Mira, Straight-edge, Geometer's Sketchpad, disk with perp.gsp

1.	On a piece of rectangular grid paper, select two points.  Record the coordinates of the points below.  Using the straight-edge, draw the line that is determined by the selected points.  Record the slope of the line below.



Points:  ___________  and  ___________ .          	Slope:  ___________.



Use the mira to construct the line that is perpendicular to the line that you draw and that passes through one of your selected grid points.  What is the slope of the perpendicular line?



Slope of perpendicular line:  ___________



2.	Repeat the above procedure for three additional lines.  Record your results in the table below.





Slope of 1st line�

�

�

��

Slope of perpendicular line�

�

�

��

What seems to be the relationship between the slopes of perpendicular lines?



3.	Load the Geometer's Sketchpad.  Open the file perp.gsp on the disk provided by your instructor.



�

The sketch to the right should appear on your screen.  The line  l  passes through the origin and point  P.  Line  k  is constructed through the origin so that it is perpendicular to line  l .  The slope of each line is recorded in the lower left corner of the sketch. 



Move  P  so that the slope of line  l  assumes each of the values indicated in the table below.  Record the corresponding slope of the perpendicular line  k  in each case.



Slope of  l�

-10�

-5�

-4�

-2�

-1�

0�

1�

2�

4�

5�

10��

Slope of  k�

�

�

�

�

�

�

�

�

�

�

��What do you observe to be the relationship between the slopes of  l  and  k  when  l  is not a horizontal line?







4.	Refer to the graphs of  y = 2x ,  � EMBED Equation  ��� , and  x = 1  below.

Find the coordinates of the points:

�



A = (____,____) , B = (____,____) , 



C = (____,____) , D = (____,____)



Find the distances:



a = ______ , 	k = ______ 



b2 = ______ , 	c2 = ______



a + k = ______











Are the given lines perpendicular?  Use the above information and your knowledge of geometry to explain.









�2.	Draw an analogous graph and repeat the above for  y = 2x  and  y = -2x .



Find the coordinates of the points:



�

A = (____,____) , B = (____,____) , 



C = (____,____) , D = (____,____)



Find the distances:



a = ______ , 	k = ______ 



b2 = ______ , 	c2 = ______



a + k = ______



Are the given lines perpendicular?  Explain.





3.	Draw an analogous graph and repeat the above for  y = -3x  and  � EMBED Equation  ���.

Find the coordinates of the points:



�

A = (____,____) , B = (____,____) , 



C = (____,____) , D = (____,____)



Find the distances:



a = ______ , 	k = ______ 



b2 = ______ , 	c2 = ______



a + k = ______







Are the given lines perpendicular?  Explain.











�4.	What would you conjecture to be necessary and sufficient in order to conclude that the lines described by  y = ax  and  y = bx  are perpendicular?





















5.	Can you use your conjecture in the preceding question to determine whether or not the lines described by  y = ax + c  and  y = bx + d  are perpendicular?  Explain the relationship.













�Activity 3:  Intersections with vertical and horizontal lines



Materials needed:  TI82 calculator



1.	Use the TI82 calculator to draw each pair of lines  x = a  and  y = b  in the table below on the same set of axes.  



To draw the line  x = 2, for example, enter the following keystrokes:

2nd DRAW

LINE(2,-10,2,10)

(where the window range for  y  is from  -10  to  10, and the points (2,-10) and (2,10) determine the line).  Set the range for  x  to extend from  -4.7  to  4.7 .  Draw the horizontal line by pressing  Y=, entering the appropriate value by Y1=, and pressing GRAPH.  



In each case, find the intersection of the sets  {(x,y) * x = a}  and  {(x,y) * y = b}.  To clear a line from the graphing screen, press  2nd DRAW followed by  ClrDraw.



	a.



Line #1�

Line #2�

Point of intersection��

 x = 4�

 y = -3�

��

 x = -2�

 y = 3�

��

 x = -2�

 y = -3�

��

 x = 0�

 y = 4�

��

 x = 4�

 y = 0�

��



b.	In general, what is the intersection of  {(x,y) * x = a}  and  {(x,y) * y = b}?  What is the significance in relation to the graphs of the two sets?



















�2.	Graph each pair of lines in the table below on the TI82 calculator.  What is the point of intersection of each pair?



	a.



Line #1�

Line #2�

Point of intersection��

  x = 0�

 y = 4x - 3�

��

  x = 2�

 y = 4x - 3�

��

  x = -2�

 x + y = 4�

��

  x = 2�

 2x - 3y = 6�

��

  x = 6�

 2x - 3y = 6�

��



b.	How do you find the solution to the linear system



ax + by = c

         x = k



algebraically?  Illustrate.  What is the geometric representation of this solution?











































�3.	Graph each pair of lines in the table below on the TI82 calculator.  What is the point of intersection of each pair?



	a.



Line #1�

Line #2�

Point of intersection��

 y = 2x - 4�

  y = 2�

��

 y = 2x - 4�

  y = -2�

��

 2x + y = 6�

  y = 0�

��

 2x + 3y = 6�

  y = 4�

��

 2x + 3y = 6�

  y = -4�

��



b.	Write a linear equation in one variable which is equivalent to each system in the table above.





















4.	Let  ax + by = c , where  a �EQ \O(=,/)� 0 ,  and  y = k  be a linear system.



a.	Will this system always have a solution?  Explain why or why not.































b.	If the system always has a solution, explain how to find it geometrically and algebraically.  If not, explain how to change the system so that it will be guaranteed to have a solution.







�

Activity 4:  Solving general linear systems



Materials Needed:  TI82 calculator.



1.	Graph each system in the table below on the TI82 calculator.  In each case, indicate the number of solutions to the system, if any.



	a.



Linear System�

Number of solutions��

 y = x

 y = x + 3�

��

 y = x

 y = -2x + 4�

��

 2x +  y = 4

 2x +  y = 8�

��

   x - 2y = 6

 4y - 2x = -12�

��

 2x + y = 4

 2x - y = 8�

��

 2x +  y = 4

   x +  y = 1

   y -  x = 1�

��

 2x + y = 4

 2x - y = 8

  x + y = 1�

��





2.	Under what condition(s) will a system of two linear equations in two unknowns have exactly one solution?























3.	Under what condition(s) will a system of two linear equations in two unknowns have no solution?  infinitely many solutions?











































4.	Under what condition(s) will a system of more than two linear equations in two unknowns have exactly one solution?



�

5.	Find the solution sets to each of the systems in (1).





Linear System�

Solution set��

 y = x

 y = x + 3�

��

 y = x

 y = -2x + 4�

��

 2x +  y = 4

 2x +  y = 8�

��

   x - 2y = 6

 4y - 2x = -12�

��

 2x +  y = 4

 2x -  y = 8�

��

 2x + y = 4

   x + y = 1

   y -  x = 1�

��

 2x + y = 4

 2x - y = 8

  x + y = 1�

��

























































�

6.	The Photography Club took a field trip to the zoo.  Tommy, Joe, and Karen bought pizza and lemonade for lunch from a sidewalk vendor.  Tommy bought 2 orders of pizza and 2 lemonades for $4.00 while his friend Joe bought 3 orders of pizza and 1 lemonade for $4.50 (neither including tax).  Karen paid $3.00, not including tax, for 1 order of pizza and 2 lemonades.  



a.	Find a system of linear equations which models the conditions given in the problem.



































b.	Discuss the significance of the solution set of the system in the context of the problem.





 



Linear Systems



Page �PAGE�16�









Linear Systems








