Numeric and Algebraic Operations and Properties 








Prerequisites:





1.	Variable





A  variable  is a symbol (possibly a letter) which represents any element of a given set.  The set, called the domain of the variable, may contain numbers or other objects (usually numbers in introductory algebra), depending upon the context in which the variable is used. 








2.	Algebraic expression





An  algebraic expression  is a phrase constructed by connecting powers of vari�ables and/or numbers with the operations of addition, subtraction, multiplication, and/or division, using parentheses for grouping.








3.	Term





A  term  in an algebraic expression is a quantity connected to another quantity by a plus or a minus sign.








4.	Factor





A  factor  of a term in an algebraic expression is a quantity connected to the remainder of the term by a multiplication sign, or, more often, by implied multiplication (juxtaposition).











Objectives:





1.	To use base-ten blocks and algebra tiles to demonstrate the properties of addition and multiplication of numeric and algebraic ex�pressions.





2.	To demonstrate the connection between the properties of the number systems and operations on algebraic expressions.











Materials List:





1.	Base-ten blocks


2.	Algebra tiles


	





Activity 1:    Properties of Addition (Part I)





1.	Use base-ten blocks to model the indicated expressions.  Sketch your models in the spaces provided below each example.





                      4 + 9   and   9 + 4				10 + 6   and   6 + 10














         


         


 What do you observe about each pair of numeric expressions?


























2.	Use algebra tiles to model the indicated expressions.  Sketch your models in the spaces provided below each example.





                   x + 5   and   5 + x				 x2 + x   and   x + x2





                  


      











 What do you observe about each pair of algebraic expressions?























3.	Write a complete sentence (in plain English) that describes the property demonstrated in questions 1 and 2.

















�
4.	Name this property of addition and state the property in abstract form.


























5.	Construct one numeric and one algebraic example that illustrate this property.






































6.	Explain in your own words the significance of this property.















































�
Activity 2:  Properties of Addition (Part 2)





1.	Use base-ten blocks to represent the expressions below.  Combine them in the order indicated by the parentheses.








(6 + 3) + 5 = ___ + ___ = ___   	and 	 6 + (3 + 5) =___ + ___ = ___ 





   


(10 + 7) + 2 = ___ + ___ = ___   	and	10 + (7 + 2) = ___ + ___ = ___ 








What do you observe about each set of numeric expressions?		



































2.	Use algebra tiles to represent the expressions below.  Combine them in the order indicated by the parentheses.  Sketch each of your algebra-tile models.  Use spacing to indicate groupings.





 	x + (x + 3)    		   	and  				 (x + x) + 3


   














   	 	(x2 + 2x) + 3    	    	and 	   			x2  + (2x + 3)

















What do you observe about each set of algebraic expressions?























3.	Write a complete sentence (in plain English) that describes the property demonstrated in questions 1 and 2.




















4.	Name this property of addition and state the property in abstract form.


























5.	Construct one numeric and one algebraic example that illustrate this property.
































6.	Explain in your own words the significance of this property.









































�
Activity 3:  Properties of Addition (Part 3)





1.	Use the properties in Activities  1  and  2  to verify each statement listed below.  Use base-ten blocks; record each step in the proof; and justify each step as illustrated by the example.





Example:	Demonstrate that  2 + (3 + 1) = 1 + (2 + 3).





Symbolic Model		Base-ten Block Model			Justification





������2 + (3 + 1) 			                





������=	(2 + 3) + 1 				                			Associative Property of Addition





������=	(3 + 2) + 1 				                			Commutative Property of Addition





������=	1 + (3 + 2) 				                			Commutative Property of Addition


������


		=	1 + (2 + 3).								Commutative Property of Addition








a.	(3 + 4) + 5 = (3 + 5) + 4



































b.	(2(10 + 3) + 4(10 = (2(10 + 4(10) + 3





















































2.	Repeat the instructions in (1) with algebra tiles to verify the following statement.





(2x + 3) + 4x = (2x + 4x) + 3



































3.	Write a general statement (in plain English) summarizing your findings with regard to the roles of the associative and commutative properties in the above examples.















































4.	State your findings in abstract form.


























5.	Explain in your own words the significance of your discovery.





�
Activity 4:  Properties of Multiplication (Part 1)





1.	Use base-ten blocks to represent the indicated products in a rectangular array.  Remember that the first factor gives the number of rows and the second factor gives the number of columns (for example,  2 (3  would be represented by  2  rows of  3 unit blocks each).  Sketch your models in the spaces provided.





5 ( 7 				and 				7 ( 5




















10 ( 6 				and 				6 (10























What do you observe about each pair of arrays?




















2.	Use algebra tiles to represent the indicated products in rectangular arrays. Sketch your models in the spaces provided.  Write the algebraic expression represented by each of the arrays.


	x ( 2x   				and   				2x ( x




















(x + 2)(x + 4)   		and   				(x + 4)(x + 2)
































  What do you observe about each pair of arrays?




















3.	Discuss the connection between the numeric examples and the geometry of the base-ten block models.




















4.	Write a complete sentence (in plain English) that describes the property demonstrated in questions 1 and 2.























5.	Name this property of multiplication and state the property in abstract form.




















6.	Construct one numeric and one algebraic example that illustrate this property.




















7.	Explain in your own words the significance of this property.


























�
Activity 5:  Properties of Multiplication (Part 2)





1.	Use base-ten blocks to represent the indicated products in a rectangular array, multiplying factors in the order indicated by the parentheses.  Remember that the first factor gives the number of rows and the second factor gives the number of columns in each product of two factors.  Use words to describe the final array in each case (e.g., 3 rows of 6 unit blocks each).





5 ( (3 ( 2) 			and 			(5 ( 3) ( 2











(2 ( 3) ( 10 			and 			2 ( (3 ( 10)








	


What do your observe about each set of arrays?














	Write the numbers represented by each set of arrays.





2.	Explain how you might construct a 3-dimensional model using base-ten blocks for the first example in question 1,   5 ( (3 ( 2)  and   (5 ( 3) ( 2.  Discuss the connection between the numeric example and the geometry of the model.
































3.	Use algebra tiles to represent the indicated products in rectangular arrays.  Sketch your models.  Write the algebraic expression represented by each of the arrays.





3 ( (2x ( x) 			and 			 (3 (2x) ( x


























 What do you observe about the pair of arrays?























4.	How might you use a three-dimensional geometric model to represent the expressions in question 3?




















5.	Write a complete sentence (in plain English) that describes the property demonstrated in questions 1 and 3.




















6.	Name this property of multiplication and state the property in abstract form.




















7.	Construct one numeric and one algebraic example that illustrate this property.


     























8.	Explain in your own words the significance of this property.




















�
Activity 6:  Property Combining Multiplication and Addition





1.	Use base-ten blocks to perform the indicated operations.  Sketch your models.





12 ( (10 + 2)   		and   			(12 ( 10) + (12 ( 2)
































 	What do you observe about the two expressions?

















	Write the number represented by each of the expressions.	______________





2.	Use algebra tiles to model each of the expressions below.  Sketch your models.





3 ( (2x + x)   			and  			(3 ( 2x) + (3 ( x)	























2[(x + 2) + (x + 1)]   		and   			2(x + 2) + 2(x + 1)


 




















What do you observe about each pair of algebraic expressions?











	Write the algebraic expressions represented by each pair.  





	_____________________________	  and	_______________________________


3.	Write a complete sentence (in plain English) that describes the property demonstrated in questions 1 and 2.




















4.	Name this property and state the property in abstract form.




















5.	Construct one numeric and one algebraic example that illustrate this property.




















6.	Explain in your own words the significance of this property.





























�
Activity 7:  Division and Factorization





Base-ten blocks may be used to model division problems.  Recall that a product of two positive integers is modeled using a rectangular region with dimensions corresponding to the two factors.  The product is represented by the area of the region.  In a division problem, the area of the rectangular region is represented by the given dividend and one dimension is represented by the divisor.  The problem is to find the other dimension of the largest rectangular region that may be formed - the quotient - and any left-over units - the remainder.





As an illustration, consider the problem  58 ¸ 5.  Lay out base-ten blocks to total  58.	


Move the blocks to form the largest rectangular region that is possible with a side of  5 units. 





�					


�


�


�


�


��������





Notice that the other dimension is  11  units and there are 3  blocks left over.  Therefore, the quotient is  11 and the remainder is  3 :  	58 = 5 ( 11 + 3 .





Observe that if the problem had been 58 ¸ 8, it would have been necessary to trade in the rods for individual unit blocks in order to create a rectangular region with one dimension of  8  units.





1.	Use base-ten blocks to model the problems below.  Sketch your models. Describe your find�ings.





156 ¸ 12 	             		153 ¸ 12    	    			159 ¸ 12






































�



2.	Use algebra tiles to model the problems below.  Sketch your models.  Describe your findings.





(x2 + 5x + 6) ¸ (x + 2)	  	  (x2 + 5x + 3) ¸ (x + 2)		(x2 + 5x + 9) ¸ (x + 2)







































































3.	Write a general statement summarizing your findings.






































�
Activity 8:  Evaluating Algebraic Expressions





1.	Make a model of the algebraic expression using algebra tiles.  Sketch your model in the space provided.


x2 + 5x + 6
































2.	Replace each  x  in your model with  3  unit tiles.  Sketch the resulting model and evaluate (i.e., count the number of tiles).


























3.	Replace each  x  in your model with  5  unit tiles.  Sketch the resulting model and evaluate (i.e., count the number of tiles).
































4.	Let  y  be the name of the expression.  Find the corresponding value of  y  for each of the indicated values of  x.


	y = x2 + 5x + 6
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