Trigonometric Functions



Review of Prerequisites:



1.	The polar coordinate system describes the location of points in the plane in terms of the distance  r  that the point is from the pole (origin) and the angle  (  that a ray from the pole through the point makes with the polar axis, designating measurement in the counterclockwise direction as positive and the clockwise direction as negative.  The pair  [r,(]  represents the polar coordinates of the point.



2.	If a point in the plane has polar coordinates  [r,(]  and  rectangular coordinates  (x, y),  then  x2 + y2 = r2.



3.	The sine of  t,  sin t, is the ordinate of the point on the unit circle that is the image of the point  (1,0)  under a rotation of magnitude   t  about the origin.



4.	The cosine of  t,  cos t, is the abscissa of the point on the unit circle that is the image of the point  (1,0)  under a rotation of magnitude   t  about the origin.



5.	A function  f  is   periodic  if and only if there is a positive real number  k  such that            f (x + k) = f (x)  for all values of  x  in its domain.  The smallest positive value of  k  for which this equality is true is called the period of  f.



6.	The tangent of  t, tan t, is the ratio  �EMBED Equation���; the cotangent of  t, cot t = �EMBED Equation���;  the secant of  t, sec t = �EMBED Equation���; and the cosecant of  t, csc t = �EMBED Equation���.
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7.	The sine and cosine functions of an acute angle of a right triangle represent ratios of the lengths of the legs of the triangle to the length of the hypotenuse.  In particular, the sine of such an angle is the ratio of the length of the leg opposite the angle to the length of the hypotenuse.  The cosine of an acute angle is the ratio of the length of the leg adjacent to the angle to the length of the hypotenuse.





In the figure to the left, a coordinate system has been imposed with origin at the vertex of ABAC (the angle with measure t) and horizontal axis along the side determined by vertices  A  and  C.  A unit circle has been drawn.  



By definition,  sin t  and  cos t  represent the lengths of the vertical and horizontal sides of the smaller triangle (as labeled).  The hypotenuse of the smaller triangle has measure  1  since it is a radius of the unit circle.



	

Using similarity of the smaller triangle and � EMBED Equation  ���ABC, 



�EMBED Equation��� .



�8.	A subset  S  of the plane is symmetric with respect to the y-axis if and only if whenever the point  (x,y) belongs to   S,  then the point  (-x,y)  also belongs to  S.



Examples:

a.	S = {(x,y) |  y = 9 - x2 }  is symmetric with respect to the  y-axis since, as a consequence of the fact that  (-x)2 = x2, it follows that whenever  (x,y)  belongs to  S  (or  y = 9 - x2 ),   y = 9 - (-x)2   and   (-x,y)  also belongs to  S.  



b.	S = {(x,y) | x = 9 - y2 }  is not symmetric with respect to the  y-axis since, for example, (8,1) belongs to S (8 = 9 - 12 ), but (-8,1) does not 

	(-8 ( 9 - (-1)2  ).



9.	A subset  S  of the plane is symmetric with respect to the origin if and only if whenever the point  (x,y) belongs to   S,  then the point  (-x,-y)  also belongs to  S.



Examples:

a.	S = {(x,y) | x2 + 4y2 = 4}  is symmetric with respect to the  origin since, as a consequence of the facts that  (-x)2 = x2  and  (-y)2 = y2, it follows that whenever  (x,y)  belongs to  S  (or x2 + 4y2 = 4), (-x)2 + 4(-y)2 = 4  and  

	(-x,-y)  also belongs to  S.  



b.	S = {(x,y) | x + y2 = 9}  is not symmetric with respect to the origin since, for example,  (8,1)  belongs to S (8+12 = 9), but  (-2,-1) does not

	((-8)+(-1)2 ¹ 9).



10.	The following equations are true for any  t Î R, the set of real numbers.
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Objectives:

1.	To explore the graphs of the six trigonometric functions;

2.	To use technology to investigate graphs of functions using a polar coordinate system;

3.	To apply the trigonometric functions.



Materials:

1.	X(Plore) and a compatible computer

�

Activity 1:	Rectangular Graphs



1.	Use X(Plore) to graph the functions  f (x) = sin x  and  g(x) = csc x.  Sketch and label the graphs on the two sets of axes below.  (Use  grid(pi/4,.5).)



�	�



a.	Express  csc x  in terms of  sin x .







b.	List the zeros of   f (x) = sin x :









c.	What are the domain and range of each of the two functions?



dom f = _______________		dom g = ____________________________



ran f = _______________		ran g = _______________



d.	Is either graph symmetric with respect to the  y-axis?  origin?  Write equations that justify each of your conclusions. 























e.	Is either function periodic?  Explain in each case, using the definition of periodic function.



























2.	Use X(Plore) to graph the functions  f (x) = cos x  and  g(x) = sec x.  Sketch and label the graphs on the axes below.



��



a.	Express  sec x  in terms of  cos x .







b.	List the zeros of  f (x) = cos x :







c.	What are the domain and range of each of the two functions?



dom f = _______________		dom g = ____________________________



ran f = _______________		ran g = _______________





d.	Is either graph symmetric with respect to the  y-axis?  origin?  Write equations that justify each of your conclusions. 





















e.	Is either function periodic?  Explain in each case, using the definition of periodic function.



















3.	Discuss the relationship between the graph of  y = sin x  and the domain and range  of        y = csc x .  In particular, discuss the relationship between the values of  sin x  and  the domain and range of   y = csc x .



















4.	Compare the graphs of  y = sec(x - (/2)  and  y = csc x .  Describe their relationship in words. Finally, write an equation that describes the relationship.  Explain why this equation must be true using a corresponding property of the sine and cosine functions.



















5.	Compare the graphs of  y = sec(x + (/2)  and  y = csc x .  Describe their relationship in words. Finally, write an equation that describes the relationship.  Explain why this equation must be true using a corresponding property of the sine and cosine functions.

























6.	Use X(Plore) to graph the functions  f (x) = tan x  and  g(x) = cot x.  Sketch and label the graphs on the axes below.



�	�



a.	List several values of  x  in the interval  [-2(,2(]  for which there do not appear to be corresponding values of  f (x) = tan x :











List several values of  x  in the interval  [-2(,2(]  for which there do not appear to be corresponding values of  g(x) = cot x :













b.	What are the domain and range of each of the two functions?



dom f = 		







ran f = 







dom g =







ran g = 







c.	Superimpose the graphs of  y = sin x  and  y = cos x .



Discuss the relationship between the values of the sine and cosine functions (referring to their graphs) and the domain and range of the tangent function.





















d.	Compare the graphs of  y = tan((/2 - x)  and  y = cot x.  What do you observe?   Write an equation that describes the relationship.  Explain why this equation must be true using a corresponding property of the sine and cosine functions.

























e.	What is the period of the tangent function?  the cotangent function?  Explain how you made these determinations using the definition of periodic function.





















f.	Using the unit circle diagram below, what are the coordinates of  Q  in terms of the coordinates of  P?







What are the coordinates of  Q  in terms of the central angle having as its terminal side the ray from the origin through Q  and the positive  x-axis as its initial side?

� EMBED Word.Picture.6  ���	

Explain how you might use the unit circle diagram, the properties of the sine and cosine function, and the definition of the tangent function in terms of sine and cosine to verify mathematically that the period of the tangent function is the value you gave in (e).

�

Activity 2:	Polar Graphs



1.	Complete the table of values below for the function defined by  r = sin 
(
, approximating    r  to the two decimal places.  To do this quickly, use X(Plore) to construct a table of values by entering  table(sin(t),t=0,pi,pi/12)  to find the values on the first row.  Use what you know about   sin(
(
 + ()  to complete the second row.



Graph the ordered pairs using polar coordinates on the grid that has been provided.  Draw a smooth curve through the points.







	�

	













� EMBED Word.Picture.6  ���



a.	From your sketch, describe the shape of the polar graph of  r = sin 
(
.

















b.	If a rectangular grid were placed on the plane so that the origin coincides with the pole and the  x-axis coincides with the polar axis, you already know that one relationship between the polar coordinates  [r, 
(
]  of a point and the corresponding rectangular coordinates  (x, y)  is  x2 + y2 = r2.  Using the diagrams below,  write two more equations that express each of the rectangular coordinates completely in terms of the corresponding polar coordinates.  Explain why each is valid.



� EMBED Word.Picture.6  ���



x = 	_________________



y =	_________________



















� EMBED Word.Picture.6  ���







�c.	Use the relationships in (b) to write the corresponding rectangular equation describing the graph of  r = sin 
(
.  What do you think the shape of this graph should be?  Why?



















2.	Use X(Plore) to graph the polar curve by entering the following.  (Note:  It is important that the window size have a vertical to horizontal ratio of 5 to 7 in order for circles to appear without distortion.  The ratio must be reversed - vertical to horizontal ratio of 7 to 5 - in order for printed circles to appear as they should.)



a=1.5

window(-a,a,-a*5/7,a*5/7)	(This will allow easy adjustment of window sizes through editing!)

polargrid(.1,pi/12)		(The same grid size as your graph.)

axis(.2,2,.2,2)

polarg(sin(t),t=0,2pi)



a.	What is the shape of the graph?  











b.	Graph the polar curve defined by  r = cos 
(
.  What is its shape?  Find the corresponding rectangular equation.





















�3.	Use X(Plore) to investigate graphs described by polar functions of the form   r = sin (a
(
)  and   r = cos(a
(
).  (Note:  If you wish to remove the grid, enter nogrid.  Be sure to investigate values of  a  both smaller than 1 and larger than 1 in absolute value.)



a.	What seems to be the relationship between the graphs of   r = sin (a
(
)   and             r = sin (-a
(
)?  Explain why this is true.





















b.	What observations and predictions can you make about the graph of  r = sin (a
(
)  for various values of  a?  r = cos (a
(
)?































4.	Use X(Plore) to investigate graphs described by polar functions of the form  r = c sin (a
(
)  and   r = c cos(a
(
).  List your discoveries.

























5.	Use X(Plore) to investigate graphs described by polar functions of the form  r = c + a sin 
(
  and   r = c + a cos 
(
.  List your discoveries.











































6.	Use X(Plore) to investigate graphs described by polar functions of the form   r = a
(
 
+ b.   List your discoveries.
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