	Logarithmic Functions



Review of Prerequisites:



1.	An exponential function is a function that may be defined by a rule of the form                f (x) = cax  where  a  and  c  are real numbers,  a > 0 ,  and  a… 1.



Note:	The domain of an exponential function is the set of real numbers, ú.  The range of an exponential function in which  c > 0 is the set of positive real numbers, ú+.



The natural exponential function is the function defined by  f (x) = c ex.  e  is Euler's number, approximately 2.71828...;  e  is the limiting value of the expression  � EMBED Equation  ��� as  n  grows in value without bound.



2.	The solution to the equation  ax = b  where  a  and  b  represent positive real numbers (with  a … 1) is called the logarithm to the base  a  of  b .   It is written  x = loga b .  



In other words,  the logarithm to a given base of a positive number is the power to which the base must be raised to obtain the number.



Examples:	log3 9 = 2  since  32 = 9;  

log8 2 = 1/3  since  81/3 = 2;  

log10 .001 = -3  since  10-3 = .001



3.	A logarithm to the base 10 is called a common logarithm.  The common logarithm of  x ,  log10 x , is abbreviated  log x.  



A logarithm to the base  e  is called a natural logarithm.  The natural logarithm of  x ,       loge x , is abbreviated  ln x .



Examples:	log 10 = 1		log 100 = 2		

log 0.1 = -1		log 0.01 = -2



ln e = 1		ln e2 = 2

� EMBED Equation  ���		� EMBED Equation  ���



4.	Properties of logarithms:



a.	loga 1 = 0  since  a0 = 1  for  a > 0.



Examples:	log 1 = 0	  ln 1 = 0	  log5 1 = 0



b.	loga (ax) = x  since  ax = ax, or  a  must be raised to the power  x  to obtain  ax.

�Examples:	log (104) = 4	  ln (e5) = 5	  log7 (74) = 4	


�
� EMBED Equation  ���		

		c.	� EMBED Equation  ��� since, by definition,  loga x  is the power to which  a  must be raised to obtain x.



Examples:	� EMBED Equation  ���	� EMBED Equation  ���	� EMBED Equation  ���



d.	loga (xy) = loga x  +  loga y  for   x, y > 0.



This follows from properties of exponents:

� EMBED Equation  ���.   So,  loga (xy) = loga x  +  loga y.



Examples:	log (1,000) =  log 100 +  log 10 = 2 + 1 = 3



ln (5e3) = ln (5) + ln (e3) = (ln 5) + 3



� EMBED Equation  ���



e.	� EMBED Equation  ��� for   x, y > 0.



This also follows from properties of exponents:

� EMBED Equation  ���.  So, � EMBED Equation  ���.



Examples:	log (1/1000) = log 1  -  log  1000 = 0 - 3 = -3



� EMBED Equation  ���



f.	loga (xm) = m loga x  for  x > 0.



This also follows from properties of exponents:

� EMBED Equation  ���.  So,  loga (xm) = m loga x .



Examples:	log (105) = 5 log 10 = 5(1) = 5

� EMBED Equation  ���




�
5.	A  logarithmic function is a function that may be defined by a rule of the form   

f (x) = loga x , where  a  is a positive real number different from  1.



Note:	The domain of   f (x) = loga x    is the set of positive real numbers.  The range is the set of all real numbers (i.e.,  dom f = ú+  and  ran f = ú).



Examples:	1.	If   f (x) = loga (2x - 3), 



dom f  = {x | 2x - 3 > 0 } = {x |  x > 3/2 }.



2.	If   f (x) = loga (2 - 3x), 



dom f  = {x | 2 - 3x > 0 } = {x |  x < 2/3 }.



6.	Two functions  f  and  g  are inverses of each other if and only if the domain of each  function is the range of the other function (i.e., dom f = ran g  and  dom g = ran f ), and both 	 f (g(x)) = x  for every  x  in the domain of  g

and 	 g(f (x)) = x  for every  x  in the domain of  f .



Two functions are inverses if each reverses the action of the other.  So, if they are applied in succession to an input value, the final output is the original value.



Examples:



1.	f (x) = x + 3  and  g(x) = x - 3  are inverses.  (Subtracting  3  is the reversal of  adding 3.)



 f (g(x))	= f (x - 3)			g(f (x))	= g(x + 3)

= (x - 3) + 3				= (x + 3) - 3

= x .					= x .



2.	f (x) = 2x + 3  and  g(x) = (x - 3)/2  are inverses.   (To reverse multiplying by 2  followed by adding 3, you must first subtract 3, then divide by 2.)



 f (g(x))	= f ((x - 3)/2)			g(f (x)) 	= g(2x + 3)

= 2[(x - 3)/2] + 3			= [(2x + 3) -3]/2

= (x - 3) + 3				= (2x)/2

= x . 					= x .



3.	f (x) = 3x  and  g(x) = log3 x   are inverses.



 f (g(x))	= f (log3 x)			g(f (x)) 	= g(3x)

= � EMBED Equation  ���				
	
= log3 (3x)

=  x .					= x .



�Objectives:



1.	To investigate graphs of logarithmic functions;



2.	To demonstrate practical applications of logarithmic function models.





Materials:



TI82 calculator, X(Plore), Triman compass

�

Group Activity:



1.	Using X(Plore), graph the function defined by  f (x) = ln x.  Use window size of



	
  -5 # x # 25  and  -4 # y # 4.  (To enter the function  f ,  enter  f(x)=ln(x) .)



a.	Sketch the graph on the grid below.



	



b.	Use the zoom feature to approximate  ln 10  to the nearest tenth.







c.	Reset the window to its original size, and graph the function again.  Use the zoom feature to approximate to the nearest tenth the value of  x  for which  ln x = 2.







d.	Referring to the definition of natural logarithm and the information above, complete each of the following sentences:



10  is the approximate value of  ___________________.



2  is the approximate value of  ____________________.



2.	Set the window size to  -15 # x # 15  and  -10 # y # 10.  Graph both of the functions         f (x) = ln x  and  g(x) = ex  using the same set of axes.  (To enter the function  g , enter  g(x)=exp(x) .)  Superimpose the graph of the line  y = x  by entering  graph(x,x).  



a.	Describe the relationship between the graphs of  f  and  g  relative to the line  y = x .











b.	Define the function  h(x) = ln(exp(x)).  Find the corresponding values of  h(x)  for   x = -3, 1/2, 9, and  15.





x�

-3�

1/2�

9�

15��

h(x)�

�

�

�

��

�c.	Define the function  k(x) = exp(ln(x)).  Find the corresponding values of  k(x)  for  x = 1/5, 1/2, 5, and  25.





x�

1/5�

1/2�

5�

25��

k(x)�

�

�

�

��

d.	Using the TI82, attempt to evaluate  ln 0  and  ln(-1).   What happens?  Explain why.







Using X(Plore), attempt to evaluate  ln 0 ,  ln(-1) ,  and  ln(-5).   What response and/or  type of number is returned in each  case?





x�

0�

-1�

-5��

ln x�

�

�

��

Response�

�

�

��

Type of number returned�

�

�

��

e.	Enter the command  graph(f(g(x)),x) , where  f  and  g  are the functions in (a).  What do you observe?









f.	Enter the command  graph(g(f(x)),x).  What do you observe?







Graph this same function on the TI82 ( Y1=e^(ln x) ).  What do you observe?







Why do think that the graphs are different on the TI82 and X(Plore)?







�g.	What do (e) and (f) demonstrate with regard to the natural exponential and natural logarithmic functions?



















3.	Using X(Plore) with a window size of  -5 # x # 25  and  -4 # y # 4, axis labels every 2 units on the  x-axis, every unit on the  y-axis (with tick marks every tenth of a unit on the  y-axis), and a grid size of  1 H 1, superimpose the graphs of  y = ln x  and  y = ln(x/2).  Print the graph, and label each curve.



a.	Approximate, to the nearest tenth of a unit, the distance between the points on the graphs that have  x-coordinates of  1.  Record this approximation.  Mark this distance with a Triman compass.















b.	Using the Triman compass, compare the distance in (a) with the distance between the points on the graphs that have  x-coordinates of  2; the points with  x-coordinates of  6; the points with  x-coordinates of  20.  What do you observe in each case?















c.	Based on your observations in (b), how might the value of  ln(x/2)  be obtained from the value of  ln x ?  (Hint: Use the properties of logarithms to rewrite  ln(x/2).)



















4.	Using the TI82 calculator, set the WINDOW to Xmin = -0.8 , Xmax = 8.6 , Xscl = 1 ,       Ymin = -4 , Ymax = 4 , Yscl = 1.  Graph the function defined by  � EMBED Equation  ���.  Use the TRACE capability to complete the table below, recording approximations to the nearest tenth.





x�

0.5�

0.8�

1�

1.4�

2�

3�

4�

7�

8�

11�

16��

� EMBED Equation  ����

�

�

�

�

�

�

�

�

�

�

��

a.	Examining the values in the table, write an equation expressing the  x-values in the table above as an exponential function of the corresponding  y-values; i.e.,  write     x = f (y).  Use your calculator to test the validity of your equation for several values not listed in the table.















b.	Use the equation in (a) and the definition of logarithm to express  y  in the form       y = loga x  for an appropriate value of  a.



















c.	Explain why the function you recorded in (b) must be the same as the function defined by  � EMBED Equation  ���.  (Hint:  Refer to your equation in (a), and apply the natural logarithm function.)















5.	Explain how you can use your calculator to find  log2 7 ;  log5 7 ;  logb x  for any positive values of  b  and  x  (b … 1).















6.	Scientists use radiometric dating to determine the age of materials by measuring the amount of certain radioactive contents in the materials.  One such method of dating measures the level of radioactivity produced by carbon-14 in the tissues of plants or animals.  This method is used primarily on materials such as seeds, wood, and bones.



Carbon-14 is a radioisotope of carbon produced in the upper atmosphere by the interaction of energetic neutrons from cosmic rays with the nuclei of stable nitrogen-14.  The carbon-14 atoms are incorporated into molecules of carbon dioxide, which is then absorbed by green plants during photosynthesis.  Animals absorb the carbon-14 upon eating the plants.  As long as plants or animals are alive, the level of radioactivity from carbon-14 in their tissues is constant, because loss from decay is compensated by addition of carbon-14 from the atmosphere.  When the organism dies, the radioactivity decreases at a known rate. 



The half-life of a radioactive substance is the time that it takes for one-half of the amount of the material present to decay.  For example, the half-life of iodine-131 is approximately  8 days.  This means that if  100 mg are present now, then  50 mg  will be present after 8 days; after 8 additional days, only  25 mg  will be present.



a.	The half-life of carbon-14, 14C, is known to be approximately 5,570 years  (according to the New Grolier Multimedia Encyclopedia).  If  100 units of the material is normally present in a given living organism, complete the following table to show the amount present  t  years after death.



No. years after death, t�

No. units of  14C present, f (t)��

% of initial value remaining��

0�

100�

�

100%��

5570�

100(1/2) �

50�

50%��

(2)(5570)�

100(1/2)2 �

�

��

(3)(5570)�

�

�

��

(4)(5570)�

�

�

��

55700�

�

�

��

557000�

�

�

��

b.	Write a function rule that predicts the number of units present after  t  years,  f (t).



f (t) = _______________________________

 

c.	As workmen dug a hole to put in a swimming pool in Suzannah's back yard, they discovered an unusually large bone about 8 feet deep.  Suzannah carried the bone to the local university where a paleontologist measured the level of radioactive contents.  She was told that the bone contained 74% of the level of carbon-14 expected in a comparable bone from a living organism.  Use the function rule in (b) and logarithms to estimate the age of the bone.

















d.	The Shroud of Turin, a piece of linen bearing the image of a man that is 4.34 m (14 ft 3 in) long and 1.09 m (3 ft 7 in) wide, can be documented back to 1354.  It is believed by many people to be the actual burial cloth of Jesus Christ.  Since 1578, the shroud  has been kept in the cathedral of Turin, Italy.  Vatican�sponsored scientific tests conducted in 1988 indicated that the shroud itself dates no earlier than 1260.  What percentage of carbon-14 remained in the material?













































7.	(From Functions, Statistics, & Trigonometry, the University of Chicago School Mathematics Project, Scott-Foresman:)  The table below records the number of AIDS cases reported in the U. S. by state health departments between 1982 and 1986.





Year, t�

1982�

1983�

1984�

1985�

1986�

1988��

No. of cases, n(t)�

434�

1,416�

3,196�

6,242�

10,620�

15,463��

a.	Using the TI82 calculator, construct a scatter plot of the data.  Let the horizontal axis  represent the year, and the vertical axis represent the number of cases.  To accomplish this, follow the instructions below:



		Press	STAT   EDIT  1:Edit.  Clear any data that may be in lists  L1  and  L2  by moving the cursor above the lines to the list name (e.g., L1), and pressing  CLEAR  ENTER.



		Enter the values for the year from your table into list L1, and the corresponding  values for the number of cases into list  L2.



		Press	2nd STAT PLOT

			1: Plot1    On

		Select by Type:  the first option in order to draw a scatter plot (highlight and press ENTER).

			XList:  L1

			YList:  L2

			Mark:  (

			ZOOM     9:ZoomStat



What type of function might be used to describe the type of growth that the scatter plot depicts?







b.	Complete an additional row in the table calculating  log n  for each value of  n .  To do this quickly, press STAT  EDIT  1:Edit.   Clear any data that may be in list  L3.  Cursor above the line to highlight  L3  and enter  ln L2  (L2  is the 2nd function above the  2  key)





Year, t�

1982�

1983�

1984�

1985�

1986�

1988��

No. of cases, n(t)�

434�

1,416�

3,196�

6,242�

10,620�

15,463��

log n(t)�

�

�

�

�

�

��

�c.	Turn your first plot off.  Construct a scatter plot of  (t, log n(t) ) using the data in lists  L1  and  L3.  Use the TI82 calculator to find and graph the line of best fit.  



	To find the line of best fit, press  STAT  CALC  3:SetUp.  Under  2-Var Stats  select   Xlist:  L1    Ylist:  L3.  Press STAT  CALC   5:LinReg , ENTER ; press  Y= , clear any function in Y1= ; press VARS   5: Statistics  EQ   7:RegEQ.  Write its equation below in the form  y = at + b.









d.	In the equation that you found in (c), replace  y  by  log n(t).



log n(t) = ______________________________.



Find an exponential expression  derived from the equation in (d) that predicts  n(t) .

















f.	Use the model in (e) to predict the number of AIDS cases in the year 2000.















8.	Nuclear power plants often use breeder reactors, which convert otherwise useless uranium�238 to fissile plutonium�239.  The radioactive waste, plutonium�239 (which can produce lung cancer if inhaled), is shipped to hazardous waste storage sites such as the Savannah River Site.  The half-life of plutonium-239 is 24,000 years.  What percentage of the plutonium waste at the Savannah River Site today  will remain 100 years from now?
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