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An Introduction to Functions





Review of Prerequisites:



1	The concept of function is fundamental to mathematics.  Through informal explorations of patterns, students are introduced to the idea of functions at an early age.  



	In kindergarten and first grade, students explore patterns with concrete objects such as Unifix cubes, pattern blocks, and found materials.  They examine patterns made with concrete objects, and continue or extend the pattern.  The concrete experiences are followed by pictures of patterns and numerical patterns.  As students learn to count—first by ones, then by twos, fives, and tens—they begin to internalize the idea of function.



	As they progress through the elementary grades, students make connections between patterns and their symbolic representations.  For example, they make models of 1 set of 5 objects, 2 sets of 5 objects, 3 sets of 5 objects, and so on.  They discover that such a sequence of arrangements gives them one and only one answer to each arrangement and that there is order to the answers. They represent this discovery in symbols as the multiplication facts for 5 and, hopefully, memorize the set of facts to use in solving problems. 



	In the middle�school grades, students investigate formal patterns as they examine sequences and determine expressions to represent the  nth  term of a given set of numbers. Middle�school students should be able to look at the sequence of numbers   3 , 8 , 13 , 18, . . .   and determine that the  nth  term can be represented by the expression  3 +5(n - 1), where  n  is the number of the term. 



	The symbolism used in the last example may develop later, but the idea represented should be expressible in the student’s own language. Indeed, much of the language of functions will not be familiar to students before Algebra I, although many of the concepts are well known.  If students have been systematically introduced to patterns in ways that are developmentally appropriate, the transition from ordinary language (here, concerning sequences) to the language of functions should be an easy one.



2.	Informally, the word function expresses the idea that knowledge of one fact tells us another.  For example, the cost of a ticket to a baseball game is a function of where we sit.  Mathematically, an important class of functions are those in which knowledge about one number tells us another.
 For example:



		If the length of the side of a square is known, the perimeter can be determined.  

		If the radius of a circle is known, the circumference can be found.  



	Functions may be described verbally or represented symbolically with tables, graphs, or equations. 




3.	A function f  from a set A to a set B is a correspondence between elements of the two sets that matches each element of A with exactly one element in B.



	The elements of A, the input values for the function, comprise the domain of f, abbreviated dom f.  Any element in B that corresponds to some element of A is called an output value.  The set of all output values  is called the range of f, abbreviated ran f.



	To indicate that a function  f  assigns the element x in A to the element y in B, the notation   f(x) = y  is used.  This is read “the value of  f  at  x  is  y”; or , more simply, “f  of  x  is  y.”

	

		Examples:

	

		Let A and B both equal the set of natural numbers, N = {1, 2, 3, 4,  . . . }.

	

		a.	Let each element of A be paired with any element of B that it divides.  For example, the element 1 is paired with  every element of B; 3 is paired with the elements 3, 6, 9, . . .  This correspondence does not define a function since there is at least one input with more than one output. 

	

		b.	Let f  pair each element of A with 3 more than its square; that is, for every x in A, f(x) = x2 + 3.  For example,     f(1) = 12 + 3 = 4, and     f(5) = 52 + 3 = 28.  For a given input, there is exactly one output.  This correspondence defines a function.  Further,



						dom f  = A

						ran f  = {4, 7, 12, 19, 28, . . .}.   

	

		c.	Let f  pair each element of A with the sum of its distinct positive integer factors.  For example,  f(1) = 1;  f(4) = 7  since  1 +2 + 4 = 7;  f(12) = 28  since  1 + 2 + 3 + 4 + 6 + 12 = 28.   f  represents a function since each input results in exactly one output.  Further,



						dom f  = A

						ran f = {1, 3, 4, 6, 7, 12, 13, 14, 18, 20, 24, 28, . . .}.   



		d.	Let A be the set of items for sale in  a One�Price Clothing Store.   Let f match each element with the ticketed price.  Every item sells for $7.00.  f  represents a function since it pairs each item with exactly one price.  For each input, there is exactly one output.  Note that



						dom f  = the set of items for sale 

						ran f  = {7}.   

	

�Objectives:



1.	To introduce the concept, terminology, and symbols of functions.

2.	To make connections between the arithmetic of patterns to the symbolism of functions.

3.	To generate sequences from concrete models and verbal descriptions.

4.	To write an expression for the  nth  term of a given sequence.

5.	To describe sequences as functions.

6.	To use the TI�82 to make scatter plots of data points generated by sequences.

7.	To analyze the scatter plots and relate them to known algebraic functions.







Materials:

	

1.	Pattern blocks

2.	Snap�on cubes or color tiles

3.	TI�82 calculator
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�Activity:





1.	Choose a polygon from the set of pattern blocks.  Sketch, and find the perimeter of the block.



		Name of shape: __________________		Sketch:				



		Perimeter = _____________________





	a.	Build a chain with the shape you have chosen by connecting congruent sides to make a long row.  Each time you add a block, find the perimeter of the new figure.  Make a sketch of figure after you have connected 7 pieces.

















































	b.	Complete the table.

	

�PRIVATE ��Polygon type���������Number of polygons: n�1�2�3�4�5�6�7��Perimeter of chain: P(n)���������

	c.	Using the pattern in the preceding table, predict the perimeter of a 10�chain figure.  Check your answer by building it.

	

					Perimeter, P(10) = ___________

	



	d.	Describe in words how you would determine an expression that would tell how to find any term in the sequence of perimeters that you might want to know— no matter how small, no matter how large.

	



	

	













	e.	Write an expression for finding the perimeter in terms of  n  after adding the nth polygon.

	

					nth  perimeter is  ___________



	

	f.	Is the relationship between the number of polygons and the perimeter of the chain a function?  Why or why not?  If so, what does the independent variable represent?  the dependent variable?

	















	

	

	g.	Express the perimeter P  as a function of the number of polygons, n.  What are the domain and range of this function?

				

				P(n) = _______________



				dom P = _______________________



				ran P   = _______________________



2.	Draw a scatter plot of the first 7 data points for the function on the TI�82 calculator by following the instructions below.

	

		Press	STAT   EDIT   1:Edit	.  	



		Clear any data that may be in lists  L1  and  L2  by using the up arrow key to move the cursor to highlight the list name, and pressing CLEAR  followed by  ENTER.



		Enter in L1  the number of polygons for each entry in your table.  

		Enter the corresponding perimeters (in the same order) in L2 .



		Press	2nd STAT PLOT  1:Plot1

		Select  On,  the first option by  Type:  for a scatter plot,  Xlist: L1 , Ylist: L2 ,  and Mark: (.  To do this, in each case use the arrow keys to move the cursor to the selection and press ENTER to select it.  After it is selected, it remains highlighted.



		Press	ZOOM   9:ZoomStat  to graph the scatter plot.  (This automatically sets the window ranges for the axes to match your data.)

		

	Describe the scatter plot of the data points verbally.  How do you describe this kind of relationship algebraically?

	

	























2.	Use square color tiles (or Unifix (snap-on) cubes) to make concrete models of the first five rectangles that you can construct in which the width is two less than the length.  Sketch the models.

	

	

	









	a.	Complete the table for the first 7 terms of the sequence generated by constructing  rectangles as described above.



�PRIVATE ��Number of term�1�2�3�4�5�6�7��Number of tiles�3��������

	b.	Describe in words how you may predict the number of tiles required for a particular term from the number of the term.



















	c.	Write an expression for finding the  nth  term of the sequence in terms of  n.



				nth term is  ___________________



	d.	Is the relationship between the number of the term and the number of tiles in the corresponding rectangle a function?  Why or why not?

	

	







	











	e.	Express the number of tiles, f(x), as a function of the number of rectangles, x.

	

				    f(x) =  __________________________

	



				dom f  =  __________________________



	

				 ran f   =  __________________________



	

	f.	Select an appropriate range on the TI�82 calculator to draw a scatter plot of the first 10 data points for the function, following the process described in problem 1 above.

	

		Describe the scatter plot of the data points verbally.  How do you describe this kind of function algebraically?























3.	A millionaire horse lover purchased 3 horses one year and decided he would double the number of horses in his stable every year until he owned close to, but not over, 100 horses.  Use snap�on cubes to make a model of the number of horses he had each year until the end of four years.  Make a sketch of the models.

	

	

	

	

	

	

	

	

	









	a.	Complete the table to show what would happen each year until he reached his goal.

				

�PRIVATE ��Number of Years�1�2�������Number of Horses�3��������

	

	b.	Write an expression for finding the nth term of this sequence if the millionaire should continue his hobby indefinitely.



				nth term is ____________________________

	c.	Is the relationship between the number of years that pass and the number of horses in the stable a function?  Why or why not?

	

	











	d.	Write a function rule that expresses the number of horses in the stable, f(x), as a function of the number of years that pass,  x .

	

				    f(x) = _____________________________



				dom f  = _____________________________



				ran f    = _____________________________

	



	e.	Select an appropriate range on the TI-82 calculator to draw a scatter plot of the data points in the table you made for the function, following the process described in problem 1 above.

	

		Describe the scatter plot of the data points in words.  Compare and contrast this plot with the plot in problem 2.  How do you describe this kind of function algebraically?  
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