	Algebraic Functions








Review of Prerequisites:





1.	A monomial is the product of a constant number and one or more variables with whole number exponents.  





A polynomial is the sum of a finite number of monomials.  Consequently, a polynomial of one variable is a function that may be expressed in the form





	 � EMBED Equation  ���   where  n  is a whole number.  





The degree of a polynomial is the largest sum of exponents on the variable factors of any term with non-zero coefficients.





The leading coefficient of a polynomial of one variable is the constant factor of the term that determines the degree of the polynomial.





Example:	If� EMBED Equation  ���,  


the degree of  f  is  7;  


the leading coefficient is  14.





2.	A polynomial equation is a statement of equality between two polynomial functions.





A zero of a polynomial  f  is a solution to the polynomial equation  f(x) = 0.





Examples:	� EMBED Equation  ���is a polynomial equation.





The zeros of  f (x) = 3(x - 2)(x + 3)(5 - x)  are the solutions to the equation  3(x - 2)(x + 3)(5 - x) = 0 :  x = 2, -3, 5.





3.	An algebraic number is any number that is a solution to a polynomial equation with integer coefficients (i.e., any number that is an x-intercept, or zero, of some polynomial with rational coefficients). 





Note:	Any rational number is algebraic:  if  a/b  is a rational number,  it is certainly a solution to the polynomial equation  bx - a = 0.)





Any number that is not algebraic is called transcendental (described by Euler as transcending the power of algebraic methods).





Examples of transcendental irrational numbers are  e (approximately 2.718281828..., proven transcendental in 1873 by Hermite) and  B (proven transcendental by Ferdinand Lindemann in 1882).


�
4.	A function is algebraic if and only if it can be constructed from polynomials using the algebraic operations of addition, subtraction, multiplication, division, and extraction of roots.





A function that is not algebraic is called transcendental.





5.	The radical expression  �EMBED Equation���may be expressed in exponential form as  �EMBED Equation���.





Example:  �EMBED Equation���.











Objectives:








1.	To investigate basic shapes of polynomial, rational, and power functions using technology;





2.	To demonstrate applications of polynomial, rational, and power functions.











Materials:








1.	TI82 calculator





2.	X(Plore) software


�



Activity 1:  Polynomials





1.	Let  f (x) = (x + 2)(x - 1).  Analyze the graph of  f  by answering the following:





a.	Load X(Plore).  Enter the command  expandon.  This will cause the program to expand products of polynomial expressions.  





(Note:  If  x  has been assigned a value prior to attempting to expand a product, the value of the product for that value of  x  will be returned as the answer, rather than the expanded symbolic form.  To obtain the symbolic answer, enter  forget(x)  prior to entering the product of the polynomial expressions.)





Enter  (x+2)(x-1) .  Record the expanded form and the degree of the function  f :





f (x) = ___________________________________________.





deg  f = _________





b.	Use X(Plore) to graph  f.  Enter 





window(-7,7,-5,5)


axis(1,1,1,1)


grid(1,1)


f(x)=(x+2)(x-1)


graph(f(x),x)





What are the zeros of  f ?  What is the relationship between the zeros and the definition of  f ?
































c.	Edit the appropriate lines to redefine  f  to be   f (x) = (x)(x + 2)(x - 1) and to expand and graph it.  What are its zeros?





The expanded form of  f :  f (x) = ______________________________________.





deg f = _______________





The zeros of  f : _________________________________________.


d.	Edit the appropriate lines to redefine the function as  f (x) = (x)(x + 2)(x - 1) - 2. 





 Record its expanded form:  f (x) = _____________________________________.





Compare and contrast the graph of this function with the function in (c).























Approximate the zeros of  f  to the nearest tenth by zooming in to window extending from   -2  to  2  on the  x-axis and from  -1  to  1  on the  y-axis.  





(Use the arrow keys to move the cross-hairs to a corner of the intended box; press  Ctrl-Z; the cross-hairs should change into a Z; use the arrow keys to move the Z in the necessary direction to draw a dotted box that encloses the zoom region described above.)





Edit the axis command to read axis(1,10,1,10).  Record your approximations:





Approximate zeros:   ________________________________________________





e.	Use X(Plore) to approximate the zeros of the function in (d) to six decimal places.  





For example, to find the largest zero,  first note from the graph that it is near         x = 1.  Enter  solve(f(x)=0,x=1).  





Record the value:__________________________





Find approximations for  the remaining two zeros in a similar manner and record 		them:





________________________________________





What would you conjecture to be the exact zeros of  f  ?  How might you use X(Plore) to test your conjectures?





























2.	Use X(Plore) to complete the table below:








f(x)�



Degree�



No. of zeros�



Approximate zeros�
�



(x + 2)2(x - 1)�



�



�



�
�



x3 + 3x2 + 1�



�



�



�
�



(x + 1)2(x - 2)2�



�



�



�
�



x4 - 4x3 - 3x2 + 10x + 8�



�



�



�
�



What seems to be the relationship between the zeros of a polynomial and how it may be factored over the set of real numbers?  Explain how you might use the zeros of    


f (x) = x4 - 4x3 - 3x2 + 10x + 8  to factor it.
































What would you conjecture as  the factorization of the second polynomial in the table?























3.	Use X(Plore) to investigate global properties of polynomials as indicated below.





a.	How many separate pieces are possible for the graph of a polynomial?  Explain why you think this is true.



































b.	What observations can you make about possible domains and ranges of polynomial functions of even degree?  What is the significance of the sign of the leading coefficient?   Explain the basis of your observations.






























































c.	What observations can you make about possible domains and ranges of polynomial functions of odd degree?  What is the significance of the sign of the leading coefficient?   Explain the basis of your observations.

































































d.	What observations can you make about the graphs of polynomials in which all powers of  x  are even?  all powers of  x  are odd?















































4.	A manufacturer has a supply of cardboard sheets that are 11" ( 14".  The manager has been instructed to make the sheets into boxes (without tops) by cutting squares from each corner,  turning up the sides, and taping them together.  His orders are to construct boxes that will hold the largest volume possible.





a.	Model the volume of the box to be constructed as a function of an edge of the square to be cut from each corner.  Draw a diagram to illustrate your reasoning.





























  	b.	Use X(Plore) to graph the function you defined in (a).  What domain applies for this function in the context of the problem?  Why?























c.	Using X(Plore), estimate the edge of the square corner that will make the volume maximum.  What is the approximate maximum volume?


�



Activity 2:  Power Functions





A power function is any function  f   that may be expressed by a rule of the form     f(x) = axp  where  a  and  p  are any constant real numbers.  





1.	Use the TI82 calculator to define and graph the following power functions.  Record the domain of each function.:





Y1= x^(1/2)		f (x) = x1/2 	dom f = ___________________________





Y2= x^(1/3)		f (x) = x1/3 	dom f = ___________________________


 


Explain the difference in the two domains in terms of the corresponding function rules.  What part of the function rule determines the domain and why?
































2.	Use the TI82 calculator to graph each of the following.  Record the range of each function:





Y1= (x^3)^(1/5)	f (x) = x3/5 	ran f = ___________________________





Y2=(x^4)^(1/5)	f (x) = x4/5 	ran f = ___________________________





Explain the difference in the two ranges in terms of the corresponding function rules.  What part of the function rule determines the range and why?












































3.	Use X(Plore)  to investigate global properties of power functions as indicated below.





a.	How many separate parts are possible for the graph of a power function?  Explain why you think this is true.






































b.	What observations can you make about possible domains and ranges of power functions where the power is a positive integer?  negative integer?


















































c.	What observations can you make about possible domains and ranges of power functions where the power is a rational number that is not an integer?



































4.	Spherical ball bearings are made by dropping a given amount of molten metal down a shaft.  


a.	Express the radius of one ball bearing as a function of the volume of metal used to make it.  (Recall that the volume of a sphere is equal to  4(/3  times the cube of its radius.)





Let  x  represent the volume of metal measured in  mm3.


Let  r(x)  represent the radius in  mm  determined by the volume  x.

















 r(x)  = ____________________





b.	How many ball bearings  1 cm  in diameter can be manufactured from a volume of  1 liter of molten metal?


�



Activity 3:  Rational Functions





A rational function is one that can be expressed as the quotient of two polynomial functions.  





1.	Let  f  be the function defined by  �EMBED Equation���.  Use X(Plore) to graph this function.  Sketch its graph on the grid below.


�








a.	dom f 	= ___________________





ran f 	= ___________________





b.	Use X(Plore) to construct a table of values for  f  containing values of  x from  100  to  4000, incrementing  x by  200.  To do this enter





table(2x/(x-3),x=100,4000,200).





Describe the trend in function values as  x  increases in value.




















c.	Repeat part (b) using values for  x  from  -100  to  -4000.  What is the trend in values as  x  becomes larger in absolute value in the negative direction?























d.	Using tables, describe the trend in corresponding function values as  x  nears the value of 3.




















2.	Let  �EMBED Equation���.  Use X(Plore) to graph this function with a window size of  -14  to  14  on the x-axis and  -10  to  10  on the  y-axis.  Sketch its graph on the grid below.





�








a.	dom f 	= ___________________





ran f 	= ___________________





b.	Use X(Plore) to construct a table of values for  f  containing values of  x from  100  to  4000, incrementing  x by  200.  To do this enter





  	    table(x^2/(x^2-25),x=100,4000,200) .


 


Describe the trend in function values as  x  increases in value.




















c.	Repeat part (b) using values for  x  from  -100  to  -4000.  What is the trend in values as  x  becomes larger in absolute value in the negative direction?



































d.	Describe the trend in corresponding function values as the absolute value of  x  nears  5.

















3.	Let  �EMBED Equation���.  Use X(Plore) to graph this function with a window size of  -50  to  50  on the x-axis and  -50  to  50  on the  y-axis.  Sketch its graph on the grid below.





�








a.	dom f 	= ___________________





ran f 	= ___________________





b.	Use X(Plore) to construct a table of values for  f  containing values of  x from  100  to  4000, incrementing  x by  200.  To do this enter





table(x^2/(x-5),x=100,4000,200) .


 


Describe the trend in function values as  x  increases in value, comparing the function values with the corresponding value of  x.























c.	Repeat part (b) using values for  x  from  -100  to  -4000.  What is the trend in values as  x  becomes larger in absolute value in the negative direction?
































d.	Explain your discoveries in (b) and (c) using division of polynomials.














4.	Discuss the general case of the quotient of two linear functions,  �EMBED Equation���, describing the domain, range, and trend in function values as  x  increases in absolute value.















































5.	A stained glass window is constructed in the shape formed by mounting a semicircle on top of a rectangle as pictured below.





�





a.	If the area of the window is to be 15 square feet, express the height of the rectangular base as a function of the base width x.
































b.	The base height is a rational function of its width.  Use X(Plore) to graph this function with an extended domain from  x = -14  to  x = 14.  Describe the graph.





























c.	In the context of this problem, what is the domain?  Use the graph to approximate this domain.  Explain your reasoning.






































d.	Discuss the theoretical and practical limits on the possible height of the base.


�



Activity 4:  Suzannah's Debt





Suzannah has accumulated a credit card balance of $3,525.  She vows to pay off the balance before using the card again.  She can only afford to make monthly payments of $100.  Her credit card company charges an annual interest rate of  15.9%  on the unpaid balance, and no annual fee.  Other companies have lower interest rates, but charge an annual fee.





1.	The balance after each monthly payment is computed by adding  1  month's interest to the previous balance and subtracting the payment.  





	One month's interest  = 	(Previous balance)(annual rate/12)								Monthly payment  = 	$100





Let  Bn  represent the balance after  n  payments (or months), and let  r  represent the annual interest rate.





Note:			    B0	= 	3525





Balance after 1 month	= Original balance + interest - payment


	  B1	= 	B0 + B0 (r/12) - 100


		= 	B0 (1 + r/12) - 100





Balance after 2 months	= Balance after 1 month + interest - payment


  	   	B2	= 	B1 + B1 (r/12) - 100 


		= 	B1 (1 + r/12) - 100 





In general, in terms of the previous balance (after  n - 1  months), the balance after the  nth payment is





 	      Bn	=  _____________________________________________





2.	Let  x = 1 + r/12  to simplify the expression in (a).   Notice that in terms of  x,


B1  = B0 x - 100 ;     B2 = B1 x - 100 ;		





and    Bn = _______________________________





Note:	 B2 =  [B0 x - 100]x - 100  =  B0 x2 - 100x - 100.





Similarly, since  B3 = B2 x - 100,              B3	= [B0 x2 - 100x - 100]x - 100 


			= B0 x3 - 100x2 - 100x - 100





Find a similar expression for  B4:   B4 = ______________________________.





Finally, noting the pattern, express   Bn   in terms of  x  and  B0:





 Bn  = ___________________________________________________.








3.	A polynomial function of a single variable is a function that may be defined by a rule of the form   f(x) = anxn + an-1xn-1 + . . . + a3x3 + a2x2 + a1x + a0   where  n  is a whole number. 





 Bn   is a polynomial of degree  n  for each whole number value of  n.  Replacing  B0 with its value, $3525, write the polynomial that represents the balance after  6  payments as a function of  x:





f(x) = ___________________________________________________________.





4.	When  r = .159,  x = ______________.  





Using X(Plore), evaluate the polynomial  f  that you recorded in (c) at this value of  x.  What does this function value represent in the context of the problem?



































5.	If the interest rate were 0%, how many $100 payments would be necessary to pay off the balance?  





Use X(Plore) to graph the polynomial corresponding to this number of payments.  Define f(x)=3525x^n-100*sum(x^k,k=0,n-1), where  n is your answer.   Use a window size of     1 ( x (  1.02  and  0 (  y (  4000.  





Using the arrow keys to move the cross-hairs, approximate the remaining balance after this number of payments for  r = .159  from the graph.


























�



6.	Recall that the balance after  n  payments for a given value of  x  is also given by                  B(n) = 3525x^n-100*sum(x^k,k=0,n-1) .   Using X(Plore),  enter





x=(the expression that corresponds to r = .159)


B(n)=3525x^n-100*sum(x^k,k=0,n-1)


a=list(n,n=1,60)


y=list(B(n),n=1,60)


window(0,60,-100,4000)


plot(a,y)





a.	How many  $100 payments will be required to pay off the balance at the annual interest rate of  15.9%?  What is her total cost in paying off the debt at this rate?  Explain how you reach your conclusion.















































b.	How many $100 payments would be required if she could transfer the debt to a card that has an annual rate of 7.75% and an annual fee of $30?  What would her total cost be with these terms?  Should she search for another card with a lower fee?  Explain.�
Activity 5:	Your Income Tax





The tax rate that you pay on your income rise
