SEQUENCES

�PRIVATE ��



Review of Prerequisites:



	1.	Reasoning based on examining a variety of cases or sets of data, discovering patterns, and forming conclusions based on observations is called inductive reasoning.



	2.	A sequence of numbers is a set of numbers given in such a way that they can be thought of as being numbered; that is, the sequence has a first term, a second term, a third term, and so on.   Consequently, a sequence can be described as a function for which the domain is the set of natural numbers (or positive integers).



	3.	A sequence in which the difference of any two consecutive terms is the same constant  is called an arithmetic sequence.  The constant is called the common difference.  In an arithmetic sequence, the common difference can be added to each term to get the next term.



	4.	A sequence in which the ratio of any two consecutive terms is the same constant  is called a geometric sequence.  The constant is called the common ratio.  In a geometric sequence, the common ratio can be multiplied by each term to get the next term.



	5.	Figurate numbers are sequences of numbers related in some special way to geometric figures C triangles, squares, pentagons, stairsteps, and so on.

	



Objectives: 	



	1.	To construct concrete geometric models of sequences;

	2.	To make pictorial and graphic models of sequences;	

	3.	To use inductive reasoning to determine the formula for the nth term of sequences;

	4.	To represent observed patterns as functions;

	5.	To use TI82 calculators to generate the terms in sequences;

	6.	To use computer software to generate terms in  sequences;

	7.	To make generalizations concerning the patterns observed.





Materials:



	TI82 calculator

	X(Plore) software

	Wooden cubes		

	Scissors

	Rulers				

	One�inch grids

	Construction paper

	Scotch tape or glue sticks

�Activity 1:  Making Concrete, Pictorial, Graphic, and Functional 

		 Models of Arithmetic Sequences



1.	Use cubes to make a physical model of the first 5 terms of the arithmetic sequence 4, 6, 8, . . .   Make a small, but accurate, sketch of the model.  















					+),
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	Model			.)-	



	Term				   4		



	Number of term		   1		2		3		4		5





2.	On your sketch above, connect the upper left�hand corner of the top cubes with a dotted line.  What do you observe about the corners?











3.	Draw a graph of the model by plotting the ordered pairs having the number of the term as the horizontal coordinate and the number of cubes in each term as the vertical coordinate.  What type of function fits these data points?
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4
.	Complete the  table below for the sequence generated in Problem 1 and for the general arithmetic sequence  in which  a  is the first term, d  is the common difference, and n  is the nth term.



		Number of Term		Value of Term			Value of Term

						  (Example)				   (General)



			1					



			2



			3



			4

			

			5

			.

			.

			.



			n





	Use your formula for the nth term to find the 10th ,100th, and 1000th terms.



	10th term =	 		100th term =			1000th term =





5.	What type of relationship exists between the value of a term of an arithmetic sequence and its number?  Identify the slope and the y-intercept.













6.	Write a function rule describing the relationship  between the number of the blocks used and the number of the term,  n, in slope-intercept form.



			f(n) =				





				

7.	Use the function to find the 10th, 100th, and 1000th terms of the example.



		f(10) =				f(100) =				f(1000) =




8.	From this exercise, what type of function models arithmetic sequences?



























9.	Consider the first 10 terms of the example arithmetic sequence:



					4 , 6 , 8 , 10 , 12 , 14 , 16 , 18 , 20 , 22.



	What is the sum of the 1st and 10th terms? the 2nd and 9th terms? the 3rd and 8th?  the 4th and 7th? the 5th and 6th?









	Use this observation to find the sum of these 10 terms by multiplying two numbers.









	Extend your observations above to find the sum of the first 100 terms of this sequence.









10.	Can you generalize the results of the exercise above to any arithmetic sequence?  If so, explain how to find the sum of the first  
n
  terms of an arithmetic sequence with a common difference of  
d
 , and write an expression for this sum.  If not, explain why not.

�Activity 2:   Making Concrete, Pictorial, Graphic, and Functional 

			Models of 	Geometric Sequences





1.	Use cubes to make a physical model of the first 5 terms of the geometric sequence  1 , 2 ,   4 , 8 , . . . .   Make a small, but accurate, sketch of the model.  
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	Term				    1              
 
  2                4		   
 
8		

	Number of term		    1		    
2		    3		    4		    5



2.	On your sketch in (1), connect the upper left�hand corner of the top cubes with a dotted curve.  What do you observe about the shape of the curve?









3.	Draw a graph of the model by plotting the ordered pairs having the number of the term as the horizontal coordinate and the number of cubes in each term as the vertical coordinate.  What type of function fits these data points?

                      +)0)0)0)0)0)0)0)0)0)0)0)0),  

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1  

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1  

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1
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                                1        2       3       4       5                              





4.	Complete the table below for the sequence generated in Problem 1 and for the general geometric sequence in which a is the first term, r is the common ratio, and n is the nth term.



		Number of Term		Value of Term		Value of Term

						  (Example)			   (General)



			1					



			2



			3



			4

			

			5



			.

			.

			.



			n



		

	Use your formula for the nth term to find the 6th and 10th term.  



		6th term =				10th term =







5.	Use functional notation to describe the relationship between the number of the blocks used and the number of the term if n is the number of the term.  Write the function in the customary exponential form.



			f(n) = 







6.	Use the function to find the 6th and 10th terms.  



			f(
6
) =					f(
10
) =		







7.	From this exercise, what type of function models 
geometric
 sequences?



			

�Activity 3:  Making Concrete, Pictorial, and Functional Models

                  of a Staircase of Cubes



1.	Make a geometric model of the staircase of cubes shown below and extend the model until you have five steps.  Also, continue the picture of the model.
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	Number of term		1		2		3			4			5







2.	Observe the pattern in 1 and imagine that the staircase has 10 steps.  Complete the table.

	

		Staircase Steps		Shape		Number of Cubes 



		First (top step)		__  � EMBED Equation.2  
�
�
�  __



		Second



		Third



		Fourth



		Fifth



		Sixth

	

		Seventh



		Eighth



		Ninth



		Tenth (bottom)



									Total cubes





3.	If n is the number of steps, use the ANumber of Cubes@ column in the table and the results of Activity 2 to write a function for finding the total number of cubes required to build a similar staircase of any height.



		T1(n) =



	Use your function to verify the sum in 2 above.









4.	If n is the number of steps, use the AShape@ column in the table to write a different form of the function for finding the total number of cubes required to build a similar staircase of any height.



		T2(n) =



	Use your function to verify your results in 2 above.







5.	Verify algebraically that  T1(n) = T2(n) 









6.	How many cubes would there be in  a staircase 100 steps high?













	

�Activity 4:   Triangular Numbers



1.	Use cubes to make a physical model of the first 5 triangular numbers as shown below.  Continue the sketch.







�							

���	Model				



	Number of term		 1	           2		3			4			5







2.	Draw a graph of the model by plotting the ordered pairs having the number of the term as the horizontal coordinate and the number of cubes in each term as the vertical coordinate.  What type of function fits these data points?

				

                      +)0)0)0)0)0)0)0)0)0)0)0)0),  

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1  

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1  

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      .)2)3)2)3)2)3)2)3)2)3)2)3)-

                                1       2       3        4       5                               



3.	Write a formula for finding the nth triangular number.



			nth term =



	Rewrite the formula in functional notation where n is the number of the term.



			f(n) =





4.	Use the TI82 to find the 100th triangular number.









5.	Use X(Plore) software to generate the first 20 terms of the sequence.  Print.

	

	The nth triangular number, T(n) = 1 + 2 + 3 + . . . + n.  In X(Plore), T(n) can be defined by entering	T(n) = sum(k, k=1, n).  



	The first 20 terms may be generated by entering either of two commands:  



			table(T(n),n=1,20,1)  or  list(T(n),n=1,20).  



	To print the terms, toggle the printer on by pressing F2 prior to entering the commands.

						

	Use X(Plore) to generate the graph referred to in (2) by entering the following lines:



				window(-1,21,-1,250)

				x=list(k,k=1,20)

				y=list(T(k),k=1,20)

				listg(x,y)




6.	What unusual common characteristic do the 1st, 2nd, 3rd,10th, 11th, and 18th triangular numbers have?  





	

7.	From this exercise, what conclusions can be made concerning the functional model of  the triangular numbers?











8.	Referring to Activity 3, use triangular numbers to express the total number of cubes in the 
n
th staircase.

�Activity 5:  Square Numbers



1.	Use cubes to make a physical model of the first 5 square numbers as shown below.  Continue the sketch.




�
�
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�
�
�
							
					
		



                                             
			
      



 



	
Number of term	    
        
 1	  
    
       2		3			4			5





2.	Draw a graph of the model by plotting the ordered pairs having the number of the term as the horizontal coordinate and the number of cubes in each term as the vertical coordinate.  What type of function fits these data points?

				

                      +)0)0)0)0)0)0)0)0)0)0)0)0),  

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1  

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1  

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      /)3)3)3)3)3)3)3)3)3)3)3)3)1

                      .)2)3)2)3)2)3)2)3)2)3)2)3)-

                   
 
            1       2       3
 
       4       5





3.	Write a formula for finding the 
n
th square number.



				
n
th term =



	Rewrite the formula in functional notation where n is the number of the term.



				f
(
n
) 
=



4.	Find the 10th, 100th, and 1000th square numbers.

	

	


5.	From this exercise, what conclusions can be made concerning the functional nature of  the square numbers?

	

�Activity 6:  Pascal=s Triangle



Pascal=s triangle was known by Omar Khayyam as early as 1100 A.D. and was published in China in about 1300 A.D.  It is known as Pascal=s triangle mainly because of the extensive amount of work he did with it.  This is the familiar pattern. 

	

								1



							1	2	1



						  1	    3	    3	     1



					    
   
 
. . . .
  
 
     
 
(
etc.
)
     . . . .




There are many different ways to generate the triangle: combinatorial methods, trigonometric methods, or the binomial theorem method.  Pascal himself constructed the triangle by the method shown in Problem 1 below.



1.	Generate the first ten rows of Pascal=s Triangle by completing the table below.  Each number in a row is obtained by making it equal to the sum of the number above it and the number to the left of it.


�


		 	1	2	3	4	5	6	7	8	9        10

	      	     
))))))))))))))))))))))))))))))))))))))))))))Q

		1    	1	1	1	1	1	1	1	1	1	1

		      

		2	1	2	3



		3	1	3



		4	1



		5	1



		6	1



		7	1



		8	1



		9	1




	        
10	1







In this triangle, the numbers in the first line are said to be of the first order, those in the second line the second order, and so on. The numbers in each line above form interesting patterns which may or may not be obvious.  One technique for discovering unfamiliar patterns that sometimes works is by successive subtraction of consecutive terms until the pattern emerges. 



 For example:



			5		6		8		11		15		20

				1		2		3		4		5

					1		1		1		1		

						



2.	Determine the patterns for the first four lines of the triangle above.  Use the successive subtractions technique.	






















3.	Complete the first ten rows of 
Pascal
’
s
 Triangle as indicated below.  Then  find the sum of the numbers on the diagonals rising at 45/.  What familiar pattern do you observe?
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		1	3	3	1



		1	4	6	4	1



		1	5



		1	6



		1	7



		1	8



		1	9



		1	10


Activity 7:  Magic Squares



A magic square of order 
n
 is defined as an
 
 
n
�
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array of integers from 1 to 
n
2 such that the sum in each row , column, and main diagonal is constant.  The value of 
n 
determines the order of the magic square.  They are even�celled squares if 
n
 is even, odd�celled if 
n
 is odd.  Magic squares are used in the design of experiments in agriculture.



The sum of the rows, columns, and diagonals is called the magic constant



1.	Shown below are two odd�celled magic squares.  Determine a pattern for placing the numbers in the cells.  Note the positions of 1 and 2 in both and the relative positions of consecutive numbers thereafter.





	a.		8 	1	6			b.		X	X	1	X	X



			3	5	7					X	5	7	X	X



			4	9	2					4	6	X	X	X



										X	X	X	X	3

			Magic constant = 15

										X	X	X	2	X





	The Arule@ for completing a simple odd�celled magic square is Y





Place a 1 in the center box of the first row.



Move diagonally one box to the right and one box above.  This results in leaving the square; therefore move down that column and place a 2 in the last box in the column.


Move diagonally to the right and up and place a 3 in that box.


Since the next move diagonally to the right and up results in leaving the square, move to the left and place the 4 in the last box in that row.


Move diagonally to the right and up and place a 5 in that box.  This completes the first group of 5.


Since the next box on the diagonal is filled, move down to the box below the 5 and place the 6 to begin the next group of 5.  Notice that after completing each group of 5 (because this is a 
 
5
�
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 square), it is necessary to move down and start the process over.


Continue the pattern until all boxes are filled.


Complete magic square 
(
b
)
 and find its magic constant.


















2.	Shown below are two incomplete versions of the same even�celled magic square. 



			X	2	3	X					16	X	X	13



			5	X	X	8					X	11	10	X



			9	X	X	12					X	7	6	X



			X	14	15	X					4	X	X	1



	The boxes are numbered consecutively in the square on the left starting at the upper left-hand corner moving from left to right on the rows, and then eliminating the main diagonals of the square.  In the square on the left, the boxes are numbered consecutively starting at the lower right-hand corner and moving from right to left on the rows, and then eliminating the boxes not on the main diagonals of the square.



	a.	Combine the two versions to complete the magic square and find magic constant.




















	b.	What pattern exists for the elements on the main diagonals?











	c.	An 8
�
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�
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		From the topY



				X	2	3	X	X	6	7	X

				

				9	X	X	12	13	X	X	16



				17	X	X	20     ��	X	X	��



				X	26	27	X  	X	��	��	X



			       (and so on downward until 8 rows are complete)



		From the bottomY



				X	��	��	X	X	��	��	X



				X	15	14	X	X	11	10	X



				8	X	X	5	4	X	X	1



				(and so on upward until 8 rows are complete)





Complete the 8 by 8 magic square if you wish.  If you do, notice that while the four  4 by 4 quadrants are not magic squares themselves, they do have some interesting patterns to investigate.









�Activity 8:	Discovering Geometric Patterns for Exponents



Follow the instructions below to make a physical model of the powers of 2.  Use two sheets of one�inch  grid paper to cut out the models.  When you finish cutting out all models, paste or tape them to a long strip of construction paper made by cutting a large sheet of construction paper in half lengthwise and taping the pieces together.



1.	Cut out a 1
�
 
EMBED 
Equation.2 
 
�
�
�
2 rectangle from the one�inch grid.  Label it A2@.



2.	Place the shape back on the grid paper, trace around it, slide it up, and trace around it again.  Label the new rectangle A2
�
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3.	Place the new shape back on the grid paper, trace around it, slide it to the right, and trace around it again.  Label the new rectangle A2
�
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2)@ and cut it out.




4.	
Continue this procedure (moving one shape up and the next shape right) until you have a 
  
4
�
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�
8 rectangle.  Label each rectangle and cut it out.  



5.	Next, reverse the process of doubling the rectangle and begin to Acollapse@ the rectangles; i.e., see what happens when moving from right to left instead of left to right.  To do this, take the original 1
�
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2.  Cut out this shape.  Label it A1@.  The next move will be down.



6.	Continue the process of moving left and down until you have a piece measuring labeled 
 
A1/2
�
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1/2@.



7.	Place the rectangles in order by size on the construction paper and Scotch tape them in place.  Writing underneath the shapes, label the 1
�
 
EMBED 
Equation.2 
 
�
�
�
2 rectangle 21, the 2
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2 rectangle 22, etc.  Following a logical pattern, rename each shape in exponential form.



8.	Evaluate each power of 2 by counting the number of squares in the areas.



9.	Record your results on the table.



								Powers of 2

	

			Grid Area			
Product 					Power

			     32	
	
	 
   
	
2
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25





 .












12.	What patterns do you observe in the concrete models?













13.	What patterns do you observe in the table?
















Note:
 
   
This same activity can be done with powers of three.  The first rectangle would be a 1 x 3 rectangle. From left to right, the pattern would be up, up, right, right.  From right to left, it would be left, left, down, down.  These patterns would be interesting investigations for both middle and high school students.



This activity was adapted from AGeometric Patterns for Exponents@ by Frances M. Thompson in the December 1992 issue of The Mathematics Teacher.





14.	Exponential growth is important in economics and finance as well as other fields, but is counter to the intuition.  A page from the Sears Roebuck Catalog is 0.002" thick.  If a page is folded over  50 times, how thick would the folded page be?
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