MODULAR ARITHMETIC�PRIVATE ��








Review of Prerequisites:





	1.	A mathematical system is a set of numbers together with one or more operations for combining the numbers.





	2.	The integer  a  is congruent to the integer  b  modulo  m (where  m  is a whole number larger than 1), written a � EMBED Equation.2  ���b (modulo m), if and only if  a  and  b  have the same remainder when divided by  m .  





		Equivalently, two integers are congruent modulo  m  if their difference is divisible by m.





		Remainders are also called residues.  A set of all integers congruent to a specific remainder for a given modulus constitutes a residue class.  For a given modulus  m, there are exactly  m  distinct, disjoint residue classes.  Each residue class contains exactly one of the possible remainders of 0, 1, 2, . . . , (m - 1).





	3.	For a given modulus m, a mathematical system consisting of the residue classes and two binary operations can be defined, using the remainders  0 , 1 , 2 , 3 , Y , (m B 1)   as representatives of the classes.  The fundamental operations are defined in terms of the addition and multiplication of ordinary arithmetic with the rule that if a number is obtained that is greater than (m B 1), it is divided by  m  and the remainder is used in place of the original number (i.e., its residue class is identified as the result).  Computation using the rules of this system is called modular arithmetic.





	4.	Modular arithmetic is also called congruence arithmetic, modulo arithmetic, or clock  arithmetic.  These congruences represent the symbolic language for divisibility, a basic concept for number theory.








	Properties of Modular Congruences:





		Reflexive:  	For any integer  a ,  a � EMBED Equation.2  ���a (mod m).





		Symmetric:	If  a  and  b  are integers and  a � EMBED Equation.2  ���b (mod m), then  b � EMBED Equation.2  ���a (mod m).





		Transitive:	If  a, b, and  c  are integers for which	a � EMBED Equation.2  ���b (mod m)  and               b � EMBED Equation.2  ���c (mod m),  then  a � EMBED Equation.2  ���c (mod m).














	Algebra of Modular Congruences:





		Congruence modulo m  preserves addition and multiplication:





			If  a � EMBED Equation.2  ���b (mod m) and  c � EMBED Equation.2  ���d ( mod m), then  a + c � EMBED Equation.2  ���b + d (mod m).





			If  a � EMBED Equation.2  ���b (mod m) and  c � EMBED Equation.2  ���d ( mod m), then  ac � EMBED Equation.2  ���bd (mod m).





		Consequently, since  congruence  mod m  is also reflexive and transitive:





			If  a � EMBED Equation.2  ���b (mod m), then  ac � EMBED Equation.2  ���bc (mod m)  for any integer c.





			If  a � EMBED Equation.2  ���b (mod m), then  ak � EMBED Equation.2  ���bk  (mod m)  for any positive integer k.





		If  ac � EMBED Equation.2  ���bc (mod m), then a � EMBED Equation.2  ���b (mod m) whenever  c� EMBED Equation.2  ���0  and  c  and  m  are relatively prime.











	Example of the Modular System  with  m = 5





	1.	The system contains four residue classes represented by the numbers  0, 1, 2, 3, 4.





	2.	8� EMBED Equation.2  ���3 (mod 5) since 3 is the remainder when 8 is divided by 5; also,  5*(8 B 3).





	3.	15� EMBED Equation.2  ���0 (mod 5) since 0 is the remainder when 15 is divided by 5; also,  5*(15 B 0).





	4.	3 is congruent to 8 (mod 5) since 3 = 0� EMBED Equation.2  ���5 + 3 and 8 = 1� EMBED Equation.2  ���5 + 3; also,  5*(8 B 3).





	5.	3 is congruent to 23 (mod 5) since 3 = 0� EMBED Equation.2  ���5 + 3 and 23 = 4� EMBED Equation.2  ���5 + 3;                   also,  5*(23 B 3).





	6.	8 is congruent to 23 (mod 5) since 8 = 1� EMBED Equation.2  ���5 + 3 and 23 = 4� EMBED Equation.2  ���5 + 3;                   			also,  5*(23 B 8).











	Practical Applications of Modular Arithmetic





		Modern industrial methods have adopted the once abstract ideas of modular arithmetic for economic reasons.  Designers, manufacturers, carpenters, and masons frequently work in terms of 8�foot measures.  Designers plan, in so far as possible, for major elements of construction, such as length of the walls of a building, to be in multiples of eight feet.  Since many elements are assembled at different locations, other parts such as tiles or windows can be assembled to fit the modulus of eight with the least amount of difficulty.





		Scientists often work in terms of Aexperiment time@ by which they keep track of the number of hours that have elapsed since the beginning of an experiment.  They may label the hours 1, 2, 3, and so on.  Ultimately, however, they may need to know the time in terms of days and hours.  Although they may not realize it, they make the conversion according to the principles of modular arithmetic.








Objectives:





	1.	To identify modular systems.





	2.	To determine congruences within a modular system.





	3.	To perform calculations within a modular system.











Materials:





	Activity Sheets


	TI82 calculator
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