INTRIGUING INVESTIGATIONS


�PRIVATE ��








Review of Prerequisites:





	1.	Prime and composite numbers


	2.	Modular arithmetic


	3.	Casting out nines


	








Objectives:





	1.	To continue explorations number theory by selecting interesting topics to investigate.


	2.	To record results of investigations.


	3.	To present results of investigations to the class.








	


Materials:





	Activity Sheets


	One�fourth inch grid paper


	TI82 calculator


	X(Plore) computer software  


	








Instructions:





Select any activities in any order from those described below for group investigation.  Investigate as many topics as time will permit.  Do your work on separate sheets of paper and keep a careful record of everything you do.  From your investigations, select one or two to present to the class next week in a specified amount of time that will be allotted to your group.  Decide in advance who will be the presenter and how you will do the presentation.











�
Activity 1:  Casting Out Nines





1.	Show that 9 divided into any power of 10 leaves a remainder of 1;  i.e., 10k � EMBED Equation.2  ���1 (mod 9)








2.	Show why casting out nines for checking addition or multiplication works.








3.	Determine whether you could cast out other numbers just as well as nines.  If so, give an example to verify your conclusion.








Activity 2:  Wilson=s Theorem





There is only one general theorem for determining the primality of a number.  This theorem bears the name of a young student at Cambridge University, John Wilson (1741�1793), who later decided to study law.  The theorem had also been stated but not published by William Leibnitz and was later proved by other well known mathematicians.  It still, however, bears the name of the young student.





	Wilson=s Theorem:	If a number n is greater than 1, (n B 1)! + 1 is a multiple of n if and only if n is prime.





Use a TI82 calculator and Wilson=s Theorem to investigate the primality of the first 14 counting numbers.











Activity 3:  Powers of Three





1.	If you have 3 weights equal to the first 3 powers of 3 (1, 3, and 9), you can weigh any amount up to and including 13 pounds.  Draw a diagram to show how.  Put the amount to be weighed in a box and the weights used in a circle.
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2.	Under the same conditions, how many pounds can you weigh with the first 4 powers of 3?





3.	Under the same conditions, how many pounds can you weigh with the first 5 powers of 3?





4.	Using your results from 1, 2, and 3, determine a general formula for finding how many pounds you can weigh when allowed the first  n powers of 3 as weights.














�
Activity 4:  Divisibility by Eleven





Can you show why a four�digit number abcd is divisible by 11 if and only if   Ba + b B c + d is divisible by 11?








Activity 5:  Divisibility





The study of divisibility is basic to the study of numbers.  Answer these questions on divisibility on the set of whole numbers.  Justify you answers.





1.	Is there any number that has no divisors?





2.	How many numbers have only one divisor?





3.	How many numbers have only two divisors?





4.	How many numbers have an infinite number of divisors?





5.	Is there a number that is not a divisor of any other number?





6.	Is there a number which is a divisor of all numbers?





7.	How many numbers divide an infinite number of numbers?





8.	What is the smallest number having no divisors other than itself and one?





9.	What is the largest number having no divisors other than itself and one?





10.	How many even numbers have only two divisors?





11.	After zero, what number has the greatest number of divisors?








Activity 6:  Abundant, Deficient, and Perfect Numbers





1.	Numbers can be classified according to the sum of their divisors as follows:





		Abundant numbers whose proper divisors total more than themselves;





		Deficient numbers whose proper divisors total less than themselves;





		Perfect numbers whose proper divisors total the numbers themselves.





	Use the TI 82 calculator or X(Plore) software to classify each of the first 30 counting 			numbers as abundant, deficient, or perfect.





2.	A number is a perfect number if and only if it can be written in the form 2n B 1 ( 2n  B 1), where       ( 2n  B 1) is prime.  Verify this for the number or numbers that you classified as perfect.


�
Activity 7:  Amicable Numbers





Amicable numbers are pairs of numbers such that each is the sum of the proper divisors (including 1) of the other.  Euler published a list of 64 such pairs but two of these later proved to be false.  Ancients knew only one pair of amicable numbers and considered the pair to be the symbol of perfect harmony.  One of the numbers is 220.  Can you determine the other one of the pair?








Activity 8:  Fascinating Fibonacci Numbers





1.	About 800 years ago a brilliant mathematician named Leonardo of Pisa, who called himself Fibonacci for writing purposes, published a book Liber Abaci  which introduced Arabic numerals into western culture.  In the book he also introduced the sequence of numbers know as Fibonacci numbers in which the sequence begins with 1 and every other number is the sum of the two previous numbers.





		1, 0 + 1, 1 + 1, 1 + 2, 2 +3, Y





				or





		1, 1, 2, 3, 5, 8, Y





	Generate the first 30 Fibonacci numbers.





2.	Find the sum of any 10 consecutive Fibonacci numbers and show that the sum is divisible by 11.   





3.	If  F1 = F3  B  F2  and  F2  = F4  B  F3 , find an expression for finding the sum of the first n Fibonacci numbers.





4.	Near the center of a  sheet of one�fourth inch grid paper, draw a unit square. Shade in this square.  Connect another unit  square on the left side of the first.  Attach a 2�unit square above the two squares already drawn.  Moving in a clockwise direction attach a 3�unit square where it fits onto the figure . Continuing to move in a clockwise directions, attach a 5�unit square where it fits. Continue in a like fashion as far as space permits.  Then beginning with the innermost square, draw quarter arcs connecting opposite corners of the squares.  The spiral figure that results is called a Spiral of Archimedes.  It is also called an equiangular spiral.  Examples of equiangular spirals are the grooves on a phonograph record and the shell of the chambered nautilus.





5.	On a  sheet of one�fourth inch grid paper, draw a unit square.  Connect another unit  square on the right side of the first.  Attach a 2�unit square above the two squares already drawn.  


	Attach a 3�unit square on the right of the figure. Continuing adding squares in this manner, moving up and then to the right until you run out of space on the paper.





	Use your drawing to determine a general formula for finding the sum of the squares of the first n   Fibonacci numbers.








�
Activity 9:  The Golden Section





1.	For over 4000 years mathematicians, artists, and architects have been intrigued by the proportion know as the golden section.  Ancients referred to the proportion as the golden ratio or the divine ratio because of its aesthetically pleasing appearance.  





	Consider a rectangle.  If the smaller measure is S and the larger measure is L, the proportion can be represented by   


				�EMBED Equation.2����seq User_Box  \* Arabic  \h�





	In other words, the short side is to the long side as the long side is to the sum of the sides.


	(L is called the mean proportional between the side S and the sum of the sides, S + L.)





	Use algebra to show that if the large side is 1, the short side is  �EMBED Equation.2����seq User_Box  \* Arabic  \h� , or if the short side is 1, the long side is    �EMBED Equation.2����seq User_Box  \* Arabic  \h� .  Calculate the decimal values of these numbers.





	(The quantity   �EMBED Equation.2��� �seq User_Box  \* Arabic  \h�  is called the golden ratio.)








2.	Sketch a golden rectangle to scale.  Show that if it is divided into a square and a rectangle, the resulting rectangle has golden proportions and can again be partitioned into a square and a golden rectangle.








3.	Use geometry to find the point x that divides a line into two segments such that the longer part is the mean proportional between the whole line and the shorter part.  (Hint: Begin with a line of length 1.)








4.	Can you find a golden ratio in the point of a five�pointed star (the Mystic Pentagram of old) which has base angles of 72/ and an apex angle of 36/?








5.	Find examples of golden rectangles.











Activity 10:  Fours








Represent the numbers  1  through  12  in terms of four  4's.  All  4's must be used for every number, but various mathematical notations may be used.





�
Activity 11:  Two's Complement Arithmetic








Most computers represent integers in base two in a fixed number of spaces.  Early computers used "signed integer binary notation" in which the first (left-most) space was called the "sign bit".  For example, an eight bit representation of the integer   -54ten  (fifty four, base 10)  would be





				� EMBED Equation.2  ���








		(-1)1[0(26) + 1(25) + 1(24) + 0(23) + 1(22) + 1(21) + 0(20)] = -54ten








A drawback to this notation was that there were two ways to represent zero:





	� EMBED Equation.2  ���   and   � EMBED Equation.2  ���





representing "negative zero" and "positive zero" respectively.  So, if one wanted the computer to check if the variable  x  was zero, one would have to ask two questions:





				"Is  x = +0?"  and "Is  x = -0?"!





A more efficient notation, called "two's complement notation" came to be used to eliminate the problem and to simplify circuitry.  In this notation, the base ten integer, +54, would be represented in binary in the usual form:  





				� EMBED Equation.2  ���.


  


But its negation would be represented by  





				� EMBED Equation.2  ���.





Look at what happens when you add the two, using binary addition:





 				 0 0 1 1 0 1 1 0 


			    +	 1 1 0 0 1 0 1 0


 			


			     1 0 0 0 0 0 0 0 0





The carry bit   1  is lost because there is no space for it.  So the sum is zero.





Here is one way to find the two's complement of an eight bit binary number:


(a)  change all zeros to ones            	0 0 1 0 1 1 0 1


         and all ones to zeros            	1 1 0 1 0 0 1 0 


(b)  add 1	                                  		        1


	            		                 ________________


                                     			1 1 0 1 0 0 1 1 


The resulting number becomes the eight bit additive inverse of the original number.  Check it by adding the two.





Exercises





1.	Find the two's complement of   01010101 and verify that it represents the additive inverse of the original.






































2.	Convert  82ten  to eight bit binary form, find the two's complement, add it to the binary form of  100ten  and verify that you get the binary form of  18ten.  In other words, verify that       100 - 82 = 18 using two's complement arithmetic.                                                                                                                 
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