	Factors of Natural Numbers�PRIVATE ��



Review of Prerequisites:



	1.	A whole number is any number which may represent the number of elements belonging to a finite set.



	2.	An integer is either a whole number or the additive inverse of a whole number.



	3.	A rational number  is any number which may be expressed as the ratio of an integer to a non�zero integer.  A rational number is represented by either a terminating decimal or a non�terminating, repeating decimal.



	4.	Irrational numbers are represented by non�terminating, non�repeating decimals.



	5.	A real number is any number which is either rational or irrational.  There is a one�to�one correspondence between the set of real numbers and the set of points on a line.



	6.	The study of real number concepts, properties, and operations is the foundation of the mathematics program in grades K�9.





	

Objectives:



	1.	To use concrete models to investigate properties of odd and even numbers.



	2.	To use concrete models to investigate prime and composite numbers.



	3.	To use concrete models to find greatest common factor and least common multiple.	



	4.	To apply the prime factorization theorem.	



	5.	To use a calculator to find historically interesting prime numbers.







Materials:



	1.	Base�ten blocks

	2.	TI82 calculator

	3.	Maple V software

�Activity 1:	Even and Odd Numbers



1.	Using units cubes, make models of each number 1 through 12.  Arrange the cubes for each number 2 through 12 in  two equal or nearly equal rows.  Draw a pictorial representation of the pattern you observe.  Describe the pattern in words.



















2.	Why do you think we call some numbers even and some odd?  Do the names make sense?  Explain.

















3.	Following the pattern you observe, write all even numbers between 1 and 30.  What do you notice about even numbers?  Write an expression in n, where n is an integer, that can represent any even number.



























4.	Write all odd numbers between 1 and 30.  What do you notice about odd numbers? Write an expression in n, where n is an integer, that represents any odd number.













5.	Select any two even numbers and put them together in two equal or nearly equal rows.  Repeat using two other even numbers.  Record the numbers you added and their sum.



			 	____ + ____ = ____		____ + ____ = ____



	What do you notice about the sum of two even numbers?  Do you think this would always be true?  Write expressions for two even numbers in m and n, where m and n are integers, and verify your observation about the sum of two even numbers.



















6.	Select any two odd numbers and put them together in two equal or nearly equal rows.  Repeat using two other odd numbers.  Record the numbers you added and their sum.



				_____ + ____ = ____		____ + ____ = ____



	What do you notice about the sum of two odd numbers?  Do you think this would always be true?  Write expressions for two odd numbers in m and n, where m and n are integers, and verify your observation about the sum of two odd numbers.

























7.	Select any even number and any odd number and put them together in two equal or nearly equal rows.  Repeat using another pair of even and odd numbers.  Record the numbers you added and their sum.



			 	____ + ____ = ____		____ + ____ = ____













	What do you observe about the sum of an even and an odd number?  Do you think this would always be true?   Write an expression for an even number in m and an odd number in n, where m and n are integers, and verify your observation about the sum of an even and an odd number.

























8.	Write a statement summarizing your findings in this activity.















9.	Suppose you have a column of numbers, all even, to add.  Under what conditions will the sum be even or odd?

















10.	Janice and Jim had a column of numbers, all odd, to add.  Janice said that the sum would even.  Jim said that you cannot tell whether it would be even or odd.  Who was right?  Explain your answer.























11.	Suppose you have a column of numbers, some even and some odd, to add.  Will the sum be even or odd?  Explain your answer.



















12.	Write an expression for two even numbers in m and n, where m and n are integers, and determine whether their product will be even or odd.













13.	Write an expression for two odd numbers in m and n, where m and n are integers, and determine whether their product will be even or odd.



























14.	Write an expression for an even number in m and an odd number in n and determine whether their product will be even or odd.

		





	

	

�Activity 2:  Primes and Composites



1.	Make a rectangle with 2 cubes.  Draw the rectangle here.  What are its dimensions?









	Can you make a rectangle with different dimensions with 2 cubes?  ____________



	Record all factors of 2:  ______________







2.	Make a rectangle with 3 cubes.  Draw the rectangle.  What are its dimensions?









	Can you make a rectangle different dimensions with 3 cubes?  _________



	Record all factors of 3:  _____________



3.	Make two different rectangles with 4 cubes.  Draw the rectangles.











	Record all factors of 4:  _____________________



4.	Repeat the activity with 5, 6, 7, 8, 9, and 10 cubes.  Record the factors of the numbers 1 through 10.



	Record:	1: ______________	2: _______________



			3: ______________	4: _______________



			5: ______________	6: _______________



			7: ______________	8: _______________



			9: ______________	10: _______________







5.	Circle the numbers  in problem 4 which have exactly two factors.  

		

	These numbers are called  __________________________  because each of the numbers 



	has exactly two unique factors, itself and 1. 



	Put an  X  on the numbers that have more than two factors.  



	These numbers are called  _______________________________  numbers.



	The number 1 is _________________________________________ because it has exactly one factor.







�Activity 3:  Sieve of Eratosthenes  (c. 200 B.C.)



1.	On the grid, cross out 1 and circle 2.			1	2	3	4	5	6

	Then cross out all multiples of 2.  Now 			7	8	9	10	11	12

	circle 3 and cross out all multiples of			13	14	15	16	17	18

	3.  Continue in this pattern until all				19	20	21	22	23	24

	numbers on the grid have been circled 			25	26	27	28	29	30

	or crossed out.  The circled numbers are			31	32	33	34	35	36

	the prime numbers less than 100.				37	38	39	40	41	42

	List them.								43	44	45	46	47	48

										49	50	51	52	53	54

 										55	56	57	58	59	60

										61	62	63	64	65	66

										67	68	69	70	71	72

										73	74	75	76	77	78

										79	80	81	82	83	84

										85	86	87	88	89	90

										91	92	93	94	95	96

										97	98	99	100

		

2.	There are 21 prime numbers between 100 and 200.  In finding these numbers, one has to consider only 4 numbers in each decade.  Which numbers are they?  Explain.















	Find the prime numbers between 100 and 200.













3.	Prime numbers are called twin primes if they differ by 2.  List the twin primes less than 200.









4.	Prime numbers are called isolated primes if they do not belong to a set of twin primes..  List the first 10 isolated primes.







5.	In 1742, Christian Goldbach, a Russian mathematician, conjectured that every even number can be written as the sum of two odd primes.  Taken in the modern sense of the term prime, what is wrong with his conjecture?













	Verify the Goldbach Conjecture for the following numbers.



		16 = _____ + _____				24 = _____ + _____



		66 = _____ + _____				80 = _____ + _____





	Can you find 6 different ways to write 66 as the sum of two odd primes?  If so, do it; if not, explain why.

	

















6.	For centuries, mathematicians have searched for a formula for finding all prime numbers.  The following procedure certainly produces some prime numbers.

				Choose any counting number.

				Multiply by the next larger number.

				Add 17 to the product.

	Carry out this procedure for the first 15 counting numbers.  List the numbers that you generate.









	What conclusion seems reasonable based on this procedure?









	Do you think every counting number would yield the same result?  Justify your answer.









Activity 4:  Factors and Products



1.	Use 12 cubes to make a 3 by 4 rectangle.  In the multiplication statement that this models, the 3 and the 4 are called ________________ and the total number of cubes, 12 ,  is called the __________________. 



	Use the 12 cubes to make as many other rectangles as possible.



		Record: 	____  ____ = ____	____ � EMBED Equation.2  ��� ____ = ____



		List all possible factors of 12:   ____, ____, ____, ____, ____, ____





2.	Make all possible rectangles with 15 cubes.



		Record:  _____________________________________________



		List all possible factors of 15: 	____, ____, ____, ____





3.	Find all factors of the following numbers by making rectangles.



		a.   4:  ___________________		b.  	9:  ___________________



		c.   18:  __________________		d.   	20:  ___________________



		e.   25:  ___________________		f.   	36:  ____________________





4.	Which numbers in problem 3 have an odd number of factors?  __________



		What is the special name for these numbers?  ___________________



		Why do these numbers have an odd number of factors? 



























Activity 5:   Greatest Common Factor



1.	Make 3 different rectangles with 16 cubes.



	Record the dimensions of the rectangles:  __________________________________   



	Record the factors of 16:  _________________________________



	Make 4 different rectangles with 24 cubes.



	Record the dimensions of the rectangles:  __________________________________   



	Record the factors of 24:  _________________________________



	List the factors that 16 and 24 have in common.  ________________

	

	These factors are called common factors.



		Which of these factors is largest?   ________________________



	This factor is called the greatest common factor (GCF) , or greatest common divisor (gcd). 





2.	Repeat the activity in part 1 using 12 and 18 cubes.



	Record the common factors of 12 and 18:  ______________________



	Record the GCF of 12 and 18:  _________________





3.	Describe in words the characteristics of the two rectangles that produce the greatest common factor.































Activity 6:   Least Common Multiple



1.	Make a 1 by 4 rectangle.  How many cubes in the rectangle?  ______

	Four is called a multiple of 4



	Make a 2 by 4 rectangle.  How many cubes in the rectangle?  ______

	Eight is also a multiple of 4.



	Make 4 more rectangles with 4 cubes in each row.  ______________________



	Record the first 6 multiples of 4:  ________________________





2.	Make the first six rectangles you can with 6 cubes in each row, beginning with a 1 by 6 rectangle..



	Record the first 6 multiples of 6:  ________________________



	When do a rectangle made with 4 cubes in each row and a rectangle made with 6 cubes in each row have the same area? 















3.	Compare the multiples of 4 and the multiples of 6.



	List any multiples that 4 and 6 have in common.  _______________



	Do 4 and 6 have any other multiples in common?  If so, list the next three. _____________



	These are called common multiples of the two numbers.



		What is the smallest multiple the numbers have in common?  ________



		This is called the least common multiple (LCM).



4.	Compare the multiples of 5 and 6.  



	Multiples of 5: _______________________



	Multiples of 6: _______________________



	LCM of 5 and 6 = ___________

	

						

5.	Describe in words the characteristics of the two rectangles that produce the least common multiple..























6.	Start your computer, and load Maple V.



	Enter   with(numtheory);   to load the library of number theory utilities.  To find the greatest common factor of two numbers  a  and  b, enter  gcd(a,b); ;  to find the least common multiple, enter  lcm(a,b); .  To find the prime factorization of a number  a, enter  ifactor(a); .



	Use Maple to complete the table below:



�PRIVATE ��a�b

�Prime Factoriza-tion of a�Prime Factoriza-tion of b�gcd(a,b)

�Prime Factoriza-tion of gcd(a,b)�lcm(a,b)

�Prime Factori-zation of lcm(a,b)��6�15��������84�198��������504�1404��������875�1225��������532�2925��������

	a.	What is the relationship between the greatest common factor of two numbers and their prime factorizations?  Explain why this must be true.

















	b.	What is the relationship between the least common multiple of two numbers and their prime factorizations?  Explain why this must be true.





















	c.	If you know the greatest common factor of two numbers and the product of the numbers, can you use this information to find the least common multiple?  Explain.









�Activity 7:  Fundamental Theorem of Arithmetic



	The fundamental theorem of arithmetic, also known as the unique factorization theorem, states that any integer greater than 1 can be represented as the product of primes, and that the product is unique except for the order in which the factors appear.



		For example,  48 = 2 � EMBED Equation.2  ��� 2 � EMBED Equation.2  ��� 2 � EMBED Equation.2  ��� 2 � EMBED Equation.2  ��� 3  = 24  � EMBED Equation.2  ��� 3



	Two convenient techniques for finding the prime factorization of a number are the factor tree method and the ladder method.



	The ladder method is a convenient technique for finding the greatest common factor or the least common multiple of two or more numbers at one time.





1. 	Use both a factor tree and the ladder method to find the prime factorization of 120.























2.	Use the ladder method to find the greatest common factor of the numbers 12, 72, and 120.

	



											GCF = ___________













3.	Use the ladder method to find the least common multiple of the numbers 12, 72, and 120.



	













											LCM = _____________

Activity 8:  Mersenne and Fermat Primes



Prime numbers have been of interest to mathematicians for many centuries.  One such mathematician was the French friar Marin Mersenne (1588�1648).   The Mersenne primes are the primes of the special form Mp =  2p - 1, where p is another prime.  Use your TI82 calculator to find the Mersenne primes for    p = 2, 3, 5, 7, 13, 17, 19, and 31.  Record your results.



			M2 = 22 B 1 =			M13 =



			M3 =					M17 =		



			M5 =					M19 =



			M7 =					M31 =



By 1750, only these eight Mersenne primes were known.



Another Frenchman, a judge named Pierre de Fermat, also explored the subject of prime numbers.  He developed the formula:  

					     �EMBED Equation.2����seq User_Box  \* Arabic  \h�.



Use your TI82 calculator to find the Fermat primes for  n = 0, 1, 2, 3, and 4.



			F0 =



			F1 =



			F2 =



			F3 =



			F4 =



These five were the only Fermat primes known for many years.  The importance of Fermat primes was discovered by the German mathematician Carl Gauss (1777�1855) who determined that a regular polygon with  n  vertices can be constructed inside a circle with a compass and straightedge if, and only if,  n  is a Fermat prime or a multiple of distinct Fermat primes.
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